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Questions

(Q1) What is the advantage of introducing creation and annihilation operators? In other words:
why do we need a second quantization?

(Q2) Why is it called second quantization?

(Q3) What is (anti-) ferromagnetism and what has the Heisenberg exchange operator [calcu-
lated below in (9.3)] to do with it?

(9.1) Repetition: Bosonic creation and annihilation operators (3 points)

In the lecture we mostly dealt with fermionic systems so far. Now let b̂ and b̂† be bosonic
annihilation and creation operators,

[b̂, b̂†] = 1̂

and
n̂ = b̂†b̂

the occupation number operator, n̂|n〉 = n|n〉. Show that

(i) [b̂q, n̂] = qb̂q and [b̂†q, n̂] = −qb̂†q, with q a positive integer, and
(ii) b̂|n〉 =

√
n|n− 1〉 and b̂†|n〉 =

√
n + 1|n + 1〉.

(9.2) Constructing a spin algebra with annihilation and creation operators (3 points)

â†± and â± create and annihilate a Fermion of spin 1/2 at a given lattice site, respectively.
Using (anti-) commutator relations, show that ŝx, ŝy, ŝz defined via

ŝ± = ŝx ± iŝy = h̄â†±â∓

together with

ŝz =
h̄

2
(n̂+ − n̂−), n̂± = â†±â±

satisfy indeed the angular momentum relations

[ŝx, ŝy] = − h̄

i
ŝz (and cyclic),

as claimed in the lecture.

(9.3) Heisenberg exchange operator (4 points)

Show that
ĤA

int =
1

2

∑

n1 6=n2

∑
m1m2

â†n1m1
â†n2m2

Kn1n2 ân1m2 ân2m1

can indeed be written as

ĤA
int = −

∑

n1 6=n2

Kn1n2

(
1

h̄2 ŝn1 · ŝn2 +
1

4
1̂

)
,

as claimed in the lecture.


