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Problem Set 8 (due 09.12.2010)

(8.1) Transformation of annihilation and creation operators (3 points)

Show that the annihilation operators ψ̂m(r) and âk obey [cf. (V17) in the lecture notes]

ψ̂m(r) =
∑

k

âk〈rm|k〉.

(8.2) Commutators and anti-commutators (3 points)

Show that for arbitrary operators Â, B̂, Ĉ

[ÂB̂, Ĉ]− = Â[B̂, Ĉ]∓ ± [Â, Ĉ]∓ B̂,

[ÂB̂, Ĉ]+ = Â[B̂, Ĉ]± ∓ [Â, Ĉ]∓ B̂

where on the right hand sides one can either choose the upper signs or the lower signs.

(8.3) Constructing a spin algebra with annihilation and creation operators (4 points)

â†± and â± create and annihilate a Fermion of spin 1/2 at a given lattice site, respectively.
Using (anti-) commutator relations, show that ŝx, ŝy, ŝz defined via

ŝ± = ŝx ± iŝy = h̄â†±â∓

together with

ŝz =
h̄

2
(n̂+ − n̂−), n̂± = â†±â±

satisfy indeed the angular momentum relations

[ŝx, ŝy] = − h̄
i
ŝz (and cyclic),

as claimed in the lecture.


