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Problem Set 10 (due 07.01.2013 in the lecture)

Questions

(Q1) What does it mean when we say that a relativistically corresterequation should be “Lorentz
covariant”?

(Q2) The Dirac equation is a wave equation for a four-componesgibor:. Why four?

(20.1) Pauli matrices (3 points)
Show thatlo - a)(o-b) =a-b1l+io - (a x b). Here,a andb are arbitrary three-vectors and

o = (01,09, 03) is the vector of Pauli matrices.
(10.2) Dirac matrices (4 points)

(i) Show explicitly that thel x 4 matrices
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(with o; the Pauli matrices) fulfill the anticommutator relations
Qi+ aja; = 26, a;3 4 By =0, B2 =1.
(i) Show that thet x 4 gamma matrices’ = 3, 7' = Bay, i = 1,2, 3 fulfill
YA 4 A = 2gM w,v=0,1,2,3
whereg”” = diag(1, —1, —1, —1) is the metric tensor of Special Relativity.

(10.3) Contraction of Dirac v-matrices (3 points)
Show (without using a particular representation of the Oiyamatrices but only their anti-
commutator relation) that

(i) Yy = 4,
(ii) Nt = dg°?,
(iii) Tufyt = 24
whereA = v*A,, = ~,A* (“Feynman dagger” or “Feynman slash notation”) with an arbi-
trary four-vector, ang*” = diag(1, —1, —1, —1) is the metric tensor.
cont'd overleaf



(10.4) Repetition: Tensor calculus

Consider a coordinate transformation— z = f(x) and the inverse& — x = h(z) (here, we
collectallz!, 22,...in z, and allz!, 72, . . . in 7).

Per definition, escalar fieldtransforms according(z) = ¢(z), i.e., for the same point repre-
sented byt in one coordinate system amdn the otherip(z) andg(z) have the same numerical
value.

The differentialsiz* transform accordingz* = % dz” (summation over), which we write

as )
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By definition, anyn-tuple A* which transforms like (1),
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is acontravariant vector
Instead, the partial derivatives of a scalar field transfaotording h
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By definition, anyn-tuple B,, which transforms like (3),
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iS acovariant vector
Show thatS = A*B, = A*B, = S, i.e.,A*B,, is a scalar.

(10.5) *Christmasquiz How are the four photos related?




