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Questions

(Q1) What does it mean when we say that a relativistically correct wave equation should be “Lorentz
covariant”?

(Q2) The Dirac equation is a wave equation for a four-component bispinorψ. Why four?

(10.1) Pauli matrices (3 points)

Show that(σ · a)(σ · b) = a · b 1 + iσ · (a× b). Here,a andb are arbitrary three-vectors and
σ = (σ1, σ2, σ3) is the vector of Pauli matrices.

(10.2) Dirac matrices (4 points)

(i) Show explicitly that the4× 4 matrices

αi =

(

0 σi
σi 0

)

, i = 1, 2, 3, β =

(

1 0
0 −1

)

(with σi the Pauli matrices) fulfill the anticommutator relations

αiαj + αjαi = 2δij, αiβ + βαi = 0, β2 = 1.

(ii) Show that the4× 4 gamma matricesγ0 = β, γi = βαi, i = 1, 2, 3 fulfill

γµγν + γνγµ = 2gµν , µ, ν = 0, 1, 2, 3

wheregµν = diag(1,−1,−1,−1) is the metric tensor of Special Relativity.

(10.3) Contraction of Dirac γ-matrices (3 points)

Show (without using a particular representation of the Dirac γ-matrices but only their anti-
commutator relation) that

(i) γµγµ = 4,

(ii) γµγ
αγβγµ = 4gαβ,

(iii) γµA/γ
µ = −2A/,

whereA/ = γµAµ = γµA
µ (“Feynman dagger” or “Feynman slash notation”) withAµ an arbi-

trary four-vector, andgµν = diag(1,−1,−1,−1) is the metric tensor.

cont’d overleaf



(10.4) Repetition: Tensor calculus

Consider a coordinate transformationx → x̄ = f(x) and the inversēx → x = h(x̄) (here, we
collect allx1, x2, . . . in x, and allx̄1, x̄2, . . . in x̄).

Per definition, ascalar fieldtransforms accordinḡϕ(x̄) = ϕ(x), i.e., for the same point repre-
sented byx in one coordinate system andx̄ in the other,ϕ(x) andϕ̄(x̄) have the same numerical
value.

The differentialsdx̄µ transform accordingdx̄µ = ∂fµ

∂xν dx
ν (summation overν), which we write

as

dx̄µ =
∂x̄µ

∂xν
dxν . (1)

By definition, anyn-tupleAµ which transforms like (1),

Āµ =
∂x̄µ

∂xν
Aν , (2)

is acontravariant vector.

Instead, the partial derivatives of a scalar field transformaccording

∂ϕ̄(x̄)

∂x̄µ
=
∂ϕ(x)

∂x̄µ
=
∂xν

∂x̄µ
∂ϕ(x)

∂xν
. (3)

By definition, anyn-tupleBµ which transforms like (3),

B̄µ =
∂xν

∂x̄µ
Bν , (4)

is acovariant vector.

Show thatS̄ = ĀµB̄µ = AµBµ = S, i.e.,AµBµ is a scalar.

(10.5) ∗Christmas quiz How are the four photos related?
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