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INTRODUCTION

e Plasma is a quasi-neutral gas of charged particles. In addition, there may
be neutral particles present.

e Let us consider the case when there are just electrons (mass m and
charge —e < 0) and ions of one type (mass M and charge Q > 0) in-
teracting with each other and with an external field described by the
vector potential A and a scalar potential ®. The non-relativistic Hamil-
tonian for such a system,’

Ho— ; {[PI—QZA‘?\;RIJ)F N Q@(Rl,ﬂ}

+Z{ p’+eA r ! —€<I>(ri,t)}

1 Q2 1 e
Z47'[6‘0|R[—R]| Z
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2

1
Z47'[60|R[—I'1| ( )
(upper case indices, positions and momenta refer to ions, lower case to
electrons) does not look different from the Hamiltonian for a molecule or
an ionic solid (in external fields).> Hence the emphasis on quasi-neutral
gas above.

e The notion of gas implies that there should be free ions and electrons.
If they were bound to form a neutral gas of atoms we would call it
an ordinary gas. We have studied ordinary, ideal gases (and also non-
ideal ones that may exhibit phase transitions) in Thermodynamics and
Statistical Physics.

e Besides gas, liquid, and solid, plasma is sometimes called the fourth state
of matter. In fact, among the visible matter in the universe, plasma is the
most common state of matter.

' No operator hats in this lecture!

2 Any non-relativistic matter made of atomic nuclei and electrons (in external fields) is de-
scribed by (1), as long as it is permitted to describe the effect of the nuclei effectively by a
CouLoMs potential for the nuclear charge Q = Ze.



2 CONTENTS

e Free electrons and ions in a gas are generated by ionization. In order
to remove an electron from an initially neutral atom, an electric field E
is required that gives rise to a force —¢E. Such a field can be provided
externally (e.g., by charging up a capacitor until a gas discharge occurs)
or internally, by close encounters of sufficiently energetic particles (i.e.,
collisions).

e If particles collide with an energy greater than the ionization potential
|€i| electrons e~ could be emitted in inelastic processes like

A+B — AT +B+e (2)
C+e — CT+42e. (3)

e In the Statistical Physics lecture we derived the SAHA equation, which
tells us the ratio of charged to neutral particles,

. 3/2
M g4 w102 1 elal/keT (4)

(nin: ion and neutral particle density in m~3; T: temperature in K; k:
BorrzMANN constant). The fractional ionization degree is n;/ (1 + n;).
As |g] is typically a couple of €V, the fractional ionization degree in
our human environment (i.e., at the surface of the earth where typically
—60 < T < 40°C) is negligibly low. If it weren’t we wouldn’t be here.

Calculate the fractional ionization degree of air at T = 300 K. Consider
3

nitrogen (|¢;| = 14.5€V) and use 71, = 3 x 10 m~3.

e The fact that plasma is made of charged particles which interact via
the long-range CouLoms force has drastic consequences. It leads to rich
dynamics, especially collective behavior.

e As in a metal? charge imbalances create electric fields to which the
plasma quickly# responds in order to remove them. As a consequence,
the plasma stays quasi-neutral.

e Plasmas occur on all length scales in physics. Cosmological, galactic,
stellar, inside planets, in supernovae, in the early universe. On earth,

3The electrons and the positive charge background in a metal may, in fact, be considered a
plasma.
4+What “quickly” means will become clear later on.
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in thunderbolts, neon lamps, flames, ionosphere, polar light, nuclear
bombs, nuclear fusion reactors, and whenever intense laser pulses hit
matter. Microscopically, quantum plasmas in metals, semiconductors
(e”-hole plasmas, excitons), electron-positron, nuclear matter and quark-
gluon plasmas (the latter two not purely coulombic).

Plasmas are often characterized according to where they “reside” in a
log-density-log-temperature plot. Make one and indicate the regions of
(a) flames, (b) sparks (e.g., in a starter), (c) solar photosphere, (d) solar
corona, (e) earth’s ionosphere E-layer, (f) lightning, (g) solar wind near
the earth, (h) magnetic confinement fusion plasmas in tokamaks, (i) laser
inertial confinement fusion plasmas, (j) metals. You may “google” for
the respective numbers.
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BASIC PROPERTIES OF PLASMAS

e We will now investigate the relevant length and time scales of plas-
mas. In the context of the above mentioned quasi-neutrality the question
arises over which length scales plasmas are able to screen immersed test
charges in order to maintain this quasi-neutrality. Moreover, if a charge
is immersed suddenly, how long does it take to screen? In such a sit-
uation one could actually expects an “overshooting” of the screening
cloud, leading to plasma oscillations. Wiggling a test charge in a plasma
then should lead to plasma waves.

1.1 DEBYE LENGTH

e Consider a thin plate with surface charge density ¢ > 0 immersed into
an initially homogeneous plasma of ion number' density n;o and elec-
tron number density e,

Znio = Hep (5)

(Z: ion charge state). We assume that the temperatures are equilibrated,
T=T =T

' We omit “number” in the following. n typically stands for number densities, p for charge
densities.
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e We further assume that the plate is covered with an insulating layer to
prevent electrons or ions from actually hitting the plate (i.e., leading to
an electrical short).

e For an (in the two lateral directions) infinitely extended plate the electric
tield in vacuum follows from Gauss’ law and would be just constant:
E = 0 /2¢y.

e When the plate is immersed in the plasma, screening sets in, leading to a
spatially varying field E(x) that needs to be calculated self-consistently.
Introducing the potential ®(x),

E(x) = ~ 2 @(x) ©®)

and assuming BorrzmMANN distributions

ne(x) = nepy e ®E)/ksT xh_r>r010 ne(x) = ey, x11_r>r010 d(x) =0, ()
ni(x) = nyg e HP/keT, lim n;(x) = nig, (8)
X—00
the PorssoN equation
eV ®(x) = —p(x) (9)
gives
& ed(x)/kgT —Ze®d(x)/kgT
egﬁci[)(x) = —[Zeni(x) —ene(x)] = enep [e —e ,
(10)

where we have used (5).

e Equation (10) is a nonlinear differential equation for the boundary value
problem of determining ®(x). If Vx

Zed(x) < kgT (11)
we can proceed analytically and find
ol = el 2 g 02)
so that
D (x) = Py e ¥/ A0 (13)
with

. €0kBT 1/2
o= (ezne,o(z +1)> | -
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dy is the potential (i.e., voltage) at x = 0, i.e. directly at the plate. This
voltage may be kept constant by connecting the plate to a battery. But
how do you determine @y if an isolated plate with fixed ¢ is immersed?

o If we are interested in screening processes so fast that the ions are too
inert to redistribute (10) becomes

82

eOWCID(x) = —[Zenjy — ene(x)] = enep [eecD(x)/kBT -1/, (15)

leading also to (13) but with

1/2
€QkBT
Ap = .
b (ezne,o) (16)

e (16) is called DEBYE length.> Keep in mind the assumptions that led to
(16).

e The DeBYE length tells us over which distance the potential drops by
1/ e. The bigger the electron density, the more electrons can participate
in the screening process and thus the smaller Ap. The bigger the tem-
perature, the higher the pressure which counteracts the accumulation of
electrons around the test charge, and thus the bigger Ap.

Sketch qualitatively ®(x), ne(x), and n;(x) (the latter for (i) mobile ions
and (ii) immobile ions).

e The same result for Ap is found in spherical geometry. The potential
due to an, e.g., immersed charge g is

__ 1 —r/Ap
D(r) Treor e . (17)

Here it becomes obvious that condition (11) (here for Z = 1),
ed(r) < kgT (18)

cannot be fulfilled for point charges as r — 0. We thus expect (17) to be
valid for r > ry where rq is chosen such that e®(ry) < kgT, and g is a
net charge inside the sphere of radius r.

e The potential (17) is called DEBYE potential.

2 Or DeBYE-HUCKEL length.
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1.2 PLASMA PARAMETER

e The number of particles Np actually contributing to screening is called
plasma parameter. 1t is of the order of

4
Np = 1 3 mAp ~ T3/271/2, (19)

where the density 7 is ne, n; or any other particle type of interest. Note
that (for fixed temperature) this number decreases with increasing den-
sity.

Calculate the proportionality factor in (19) if T is given in K and 7 in
.

o We expect a continuum description of a plasma (i.e., as charge distributions
or fluids) to be valid if very many particles contribute to screening,

Np > 1. (20)

e Condition (20) follows automatically if we require the order of the mean
kinetic energy kgT to be much greater than the order of the mean po-
tential energy e?/47egrws in the plasma. Here we take as the typical
distance between particles the WIGNER-SEITZ radius

n §7Trws =1 = rws= (%) . (21)
Hence
knT 1/3
1< I 1= 5—247'[60 <%> ~Tn V3 = Np>>1. (22

o I' is called the coupling parameter. If Np > 1, i.e,, I' < 1, the plasma is
“ideal”, i.e., it is weakly coupled.3

Calculate Ap, Np, and I' for some of the plasmas in your log-density-
log-temperature plot. Which of them are ideal?

3 The definitions of the plasma parameter and the coupling parameter may differ by numerical
factors from textbook to textbook.
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1.3 PLASMA FREQUENCY

e Consider a plasma slab of constant electron and ion density. We are
interested with which frequency the electrons oscillate if the system is
perturbed. Consider, for instance, a shift of the electron slab by é:

e The resulting electric field is the same as that of a plane capacitor,
E = enepd/€p so that the restoring force on the electron cloud is
F = —eE = —ezne,()& /€, i.e., linear in the excursion J. The result will
thus be harmonic oscillations of frequency wy,

2
- ’ e“Me 00
F —me(l.)p5 = _6—0 (23)
so that
2 1/2
wp = (20 (24)
P €oMle .

e The frequency (24) is called electron plasma frequency. It is of fundamental
importance and sets the time scale on which transient charge imbalances
are screened.

Calculate wp, for some of the plasmas in your log-density-log-
temperature plot.

Which oscillation frequency do you get if you compress the electron slab
by ¢ instead of displacing it rigidly?

Which oscillation frequency do you get for a spherically symmetric
setup?
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PARTICLE MOTION IN EXTERNAL FIELDS

2.1

e Plasmas consist of charged particles that move in an electromagnetic

tield. Although “there is but one field, and MAXwELL is its prophet” it
often makes sense to decompose the field into the external, “applied”
one and the one that is generated by the plasma particles responding
to this external field (and to each other). Examples for external electro-
magnetic fields acting on plasmas are the confining fields in a magnetic
fusion reactor, the earth’s magnetic field, the fields in plasma propulsion
systems for space travel, or intense laser pulses interacting with matter.
The external field—from the view-point of one plasma—could be gen-
erated by another plasma. In astrophysics this is actually a common
situation (think about the earth’s magnetic field).

A first step towards the understanding of the extremely rich, complex,
and intriguing plasma dynamics is the study of how individual charges
move in a given external field.

The LoreNTZ force on a particle of charge g in the form
p=¢(E+vxB) (25)

is even relativistically correct. However, in this chapter we will consider
mostly non-relativistic motion where

mv = mi = g(E+ v x B). (26)

SPATIALLY AND TEMPORALLY CONSTANT FIELDS

o If E=0and B = Be;, B > 0, we find the equations of motion

Uy = P Oy, Oy = - Ox, v, =0, (27)

11
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so that'
Uyy = 0] e, v, = const € C (28)
with the cyclotron frequency
918
We = > O 2
c m = (29)
If we choose v such that
. B .
vy =0, Y =g, = —%Z)J_ elwet, (30)
and the position coordinates are
UL it qBvJ_ iwct 491 iwct
X =xp—i—e", =Yoo+ ——F e =yo+ —— e (31)
We SV, w? 4 9] we

Writing v, = |v, | €'%*L we finally obtain
x =xo+ 1L sin(wet + ¢y, ), Yy="Yyo+ ‘Z_‘YL cos(wet + @y, ) (32)

with the LARMOR radius

~od]  pal
”L—w—c—wz (33)

where p | is the momentum L B.

e We find circular orbits of radius ry, i.e., the particles gyrate about the
magnetic field lines. The heavier ions will have a smaller cyclotron fre-
quency but a bigger LARMOR radius than the lighter electrons (for a
given v, for both). Moreover, the direction of rotation is opposite for
ions and electrons (7/]q] = sgn(q) in the equation for y). They orbit
such that the magnetic field they generate opposes the external mag-
netic field.

e The point (xo,yo,z) with z = zg + v)|t is called the guiding center. If one
“averages-out” the cyclotron motion, only the drift of the guiding center
remains.

' Physical quantities are obtained by taking the real part.
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o Relativistically, we have

. d _
p=q(mw)=qvxB,  y=01-p)"2 p=u/c (34)
with c the speed of light. “Dotting” with v yields

mv - (v +v) = 0.

dy do?

302 qr this can be written as

dy 1 do?
27 —_ _—
" <v a? " 2’7> ar 0

The expression in the brackets is positive. Hence

Writing ¢ =

v? = const = y=const = = E= ')/mc2 = const.

The last expression is just the total relativistic energy of the particle. One may intro-
duce the effective relativistic mass

m = ym = const

so that the relativistic equation of motion (34) formally looks like the non-relativistic
one,

mv =qv x B,

and we can use the non-relativistic results derived above.
e This only works without an electric field present!

o At relativistic velocities the cyclotron frequency decreases according

_ |g|B
We = Pl (35)
e The LARMOR radius increases:
v, | |oy [ym lpLl
= = = : (36)
we lq|B lq|B

Because 7 (and thus p, ) also depends on v the relativistic LARMOR radius depends
on it as well. One can write
. |psin 6]
L =
l91B

where p = |p] is the total relativistic momentum and 6 is the angle between p and B.

(37)
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2.1.1  ExBdrift

e Let us now allow for a non-vanishing but constant E. We can rotate
the coordinate system such that E, = 0. The equations of motion (27)
become

. q : ; q
=4 + ~E,, =F , E 8
Uy wWe vy x 0y We Uy 0, 2 (38)

where the upper sign is for q/|q| = 1, the lower for q/|q| = —1.

Show that similarly as above for the case without electric field we obtain
from (38)

Uy = v et v, = +iv) e + o, v, = %Ezt +o5. (39)

e The velocity
Ugce = — 0 (40)

is the new feature here, namely a drift velocity of the guiding center
perpendicular to both B and E due to the component of the electric field
that is perpendicular to B.

B, E,

X

A
2

O
e

e In a coordinate-free manner we can write this as

ExB
Vg_C = 32 * (41)

e Note that this drift only depends on the external fields but neither on
the particle properties g and m nor on the initial velocity (determining
v, ). Electrons and ions may drift in the same direction.
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e Instead of gE there may be other forces F acting on the particle, e.g.,
gravity, gradient forces or centrifugal forces because of curved field lines
(see next section below). The above calculation remains essentially the
same but now a dependence on the charge arises,

F x B
Vgc:W , (42)

so that electrons and ions will drift in opposite directions.

2.2 GRAD-B DRIFT

e Let us first consider the case where still B = B,e, but B, = B = B(y),
i.e., the field strength varies as a function of the position. We expand

Bly)=Bo+ 5| v+ (43)
Y y=0
———
B/
and assume that the scale length L = (|0B/dy|/|B|)~! over which B
changes is much larger than 1.

e Equations (27) become

, _ 9(Bo+B'y) . _ _(Bo+By) .
— , = — , — O.
Oy - vy Oy - Uy (o (44)
e In order to figure out the drift induced by B’ we time-average (indicated
by (-)) the forces over the gyration period. Further, we plug-in the solu-
tions for B’ = 0 from above (where we choose, without loss of generality,

¢v, = X0 = yo = 0):

gB' L1 cos wet B
(0x) =0, (vy) =— < [ c 0, coswat ) — ]Fm, (0,) =0

m 2m

(nothing for (9,) because (sin - cos -) = 0) so that the only non-vanishing
force component is

1
(Fy) = :FEQB,rLUJ_/ (45)

i.e., both positive and negative charges are repelled by an increasing B.
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e From (42) we know already that such an additional force gives rise to a
drift
F x B B'riv,
Vgc,grad = qB? =+ 5B €x. (46)

e For VB in any direction we obtain the general expression for the so-
called grad-B drift

1 B x VB
Vgc, VB = iﬁ”LULT- (47)

e Note the physical origin of that drift: while gyrating, the particles
“sense” the gradient of the magnetic field because they spend less time
in the region of higher B (on an orbit with smaller radius) than in the
region of lower B.

e The direction of the grad-B drift is opposite for electrons and ions.

2.3 CURVATURE DRIFT

e Let us now consider the case where F in (42) is the centrifugal force

2
mo
I » R

Fee = TR &= mo) RZ (48)

Here, we assume curved magnetic field lines with a curvature radius
along which in zeroth order the particles drift along with v and un-
dergo their gyro-motion with v .

s A

R

e Equation (42) gives the curvature drift

Mol R x B
Vgc,curv = E RZ (49)
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e However, a curved magnetic field cannot be constant in magnitude be-
cause V x B = 0 has to be fulfilled in vacuum (and without a time-
dependent electric field present). In fact, we know that an azimuthal
magnetic field around a current in z-direction decreases as ~ r~1 with

increasing r. As a consequence the curvature drift is necessarily accom-
panied by a grad-B drift. As VB/B = —R/R? we find

logry R 12 RxB 1mv2 RxB
=F-—+BXB—5=4-— ==
VesVBT Ty PXPRIT 2w RBB 2 q R2B2
so that the total drift reads
mRxB/, 1,
Voc,curv,grad = E R2B2 9 + EUJ_ . (50)

e Imagine you want to trap charged particles by a magnetic field. You
may want to create a torus of magnetic field lines (as in a tokamak
tusion reactor). The drift (50) is bad news for you: electrons and ions
will drift out perpendicular to R and B, in opposite directions.

2.4 MAGNETIC MIRROR

We will now discuss a set-up by which charged particles can be better
magnetically confined.

Consider the magnetic field lines of a pair of coils.

\@_)/\@_)/"B
\/—\/VAP

VA
(]

M
X ®

B, clearly varies as a function of z. We assume 0B, /0z is given at r = 0
and does not change much as a function of r.

Because of V-B = (1/r)d(rB;)/dr + dB,/dz = 0, the B,-component

follows, 5
1 0B
Br = —Erg (51)
Show that the grad-B drift will not lead to a loss of particles in this
set-up.
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e The r and 6 components of the LORENTZ force lead to the usual lo-
cal gyro-motion around the field lines. But there is also a force in z-

direction:
oB

1
F, = —qugB, = Eqvgrg. (52)

e On the z-axis we have vg = Fv | for g = £|g| and r = rr so that

1 0B 1mv% 9B
F, = :FEQULVLa—Z =75 B oz (53)
o With the magnetic moment
1mo%
=575 (54)

this can be written in the familiar way

0B
E, = —ha (55)

Show that (54) is consistent with the usual definition of the magnetic
moment y = I A of a current loop of area A and current I.

e The result (55) can be generalized to motion along off-axis field lines,
FH = —“l/laHB (56)

e With the coordinate along the field line s we have v = ds/dt and

a -~ Hos ITar =~ Hos ar
so that
i lmvz S d_B (57)
ar \ 2" T g 57

where dB/dt is the change in B the particle experiences as it moves
along the field line (note that at a fixed point in space dB/dt = 0).

e Energy conservation requires that

d /M1 , 1 ,\ d/1 , B
T (2m0| + 2va) =3 (zmv| +ptB) =0. (58)
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As a result, q
ar _
T (59)
follows.

The magnetic moment is conserved. If the particle moves into regions
of stronger B it gyrates faster (i.e, v, increases). As a consequence, v
has to decrease. In other words, the force (56) repels charged particles
from regions of increasing field strength, independent of the sign of
the charge. In that way particles can be trapped between two magnetic
mirrors, as in the two-coil set-up mentioned in the beginning. Such a
setup is called a magnetic bottle.

e As for u = const follows v, ~ /B we have because of w. ~ B that
r.~1/ \/E, i.e., the LARMOR radius decreases in regions of higher B. In
fact, the magnetic flux through the area enclosed by a LARMOR orbit is
~ Brf and thus constant (see below).

Show that particles with too small v, /v)-ratio will not be trapped (loss
cone).

2.5 ADIABATIC COMPRESSION

e Let us consider a spatially uniform but time-dependent magnetic field
B(t) which by

VXE=-B (60)

is accompanied by an electric field.

e Electric fields can do work on the plasma, magnetic fields cannot. Mul-
tiplying the LorReNTZ force mv = q(E+ v X B) by v, gives

d /1
a(imvi):qu-(E—kvaB):qE-vL. (61)
LVJ_
e Let 1 be the gyration path,
dl
& =V]. (62)

The change in the kinetic gyro-motion energy over one gyro period then

is
1 5\ 271/ we dl
A (Eva) = /0 gE - adt. (63)
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o If B changes slowly in time over one such period we can approximate 1
by the unperturbed, circular 1,

d
A(%mvi):qu-dI:q/(VxE)-dn:—qa/B-dn. (64)

Here, dn is the oriented surface normal vector, and the integration over

the area enclosed by the circular orbit 1 just yields 7r2. For positive

charges, dn is anti-parallel to B, for negative charges parallel. Hence

1 .
A (Emvi) = +qBnr? = uAB (65)
where y is the magnetic moment (54) and

_ 2nB
=

AB

(66)

is the change in the magnetic field over one gyration period.

e The left hand side in (65) can also be written as A(uB) so that once
more, from A(uB) = uAB follows Ay = 0, i.e., the magnetic moment is
an invariant if B changes slowly on the gyration time scale.

Show that the magnetic flux ® “through a LARMOR orbit” reads

2mm
O=——u (67)

q2

and is thus constant if y is constant.

e The magnetic field lines are adiabatically compressed with increasing B
(remember: r;, ~ 1/v/B). As v, increases for AB > 0 according (65),
this mechanism is used to heat plasmas.

2.6 NONUNIFORM E

e Let us study the E x B-drift for nonuniform E. We take
E(r) = Ex(x)ey, B = Be; (68)
so that

moy = quyB + qEx(x), mo, = —qouyB, mov, = 0. (69)
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e Expanding E,(x) around the guiding center using the unperturbed
X — Xog = 1, Sin wct

we have

)5 : 1 0’E :
Ex(x) = Ex(xg) + a—xx rusinwet + 5 sz r2sin®wet +--- . (70)

X0 X0

If L is a typical gradient length of E,(x) (or K = 271/L the corresponding
wave number), we require /L < 1 (or Krp < 1) for that series to be
terminated after the quadratic term.

e For the time-averaged force we thus find

1, 9°E
(Fe) = q(vy)B+q(Ex(x)) = q |Ex(x0) + 711 5| |- (@1
4" ox” |,
e Hence, from (42) we expect a drift in y-direction, and more general
1 E(r) X B
Voo = (1 + Zrﬁvz) %. (72)

This is called the E x B-drift with finite-LARMOR-radius correction.

e As rp is different for electrons and ions, the finite-LARMOR-radius correc-
tion will cause a different drift velocity for them. This is a qualitatively
new feature (as compared to the pure E x B-drift) and may lead to a
plasma instability: charges separate — E increases — charges separate
more — ...

e Note that the VB-drift above is also due to finite LARMOR-radii but ~
Kpgry, (with Kg the wave number ~ Lgl related to the gradient length Lp
of the magnetic field). Now, for the nonuniform electric field, we find
~ (KrL)?.

o The force-averaging procedure may appear a bit ad hoc. Hence, here comes an alterna-
tive approach. Starting point is again the equations of motion (69),
mvy = quyB + qEx(x), mo, = —quyB, mo, = 0.
We make the ansatz

vy = US(O) (wet) + v&d), vy = véo) (wet) + v;d), x = xO(wet) + x@
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(0) (d)

where v, (wct) describes the unperturbed gyro-motion ~ sin or cos wcf, and vy are
the constant drift velocities we are looking for. Plugging this separation of time-scales
ansatz into the equations of motion and averaging over a cyclotron period gives

0=gq ;d)B + q(Ex[x(O) (wet) + x(d)]>, 0= —qvid)B,

0

because (0y,y) = (0x )(wct)) = 0. Hence,

s

@ _g ol = (Bl wet) £ x))
4 B .

Expanding the field around the drift position x(4) and using x(©) (wct) = 7 sinwet
1 , 0%Ey

leads to
() _ )y L 1
Yy Ex(x) + 3" 92 x(d):| B’

which is the same drift velocity we obtain from (72) for E(r) = Ex(x)e,.

POLARIZATION DRIFT

e Imagine a charge at rest in a magnetic field B = Be,. As v = 0 nothing
happens. Now we switch-on an electric field, say in x-direction. The
charge starts moving along the x-axis, v, increases. Now, with finite
v, B is effective, and the particle starts gyrating. With the E-field still
on, there should be also an E x B-drift. Note that previously we had a
possibly spatially nonuniform but time-independent E, and there was no
drift in E-direction!

e This is the new qualitative feature in this subsection: a drift || E, the
so-called polarization drift.

e We consider
E(t) = Ex(t)ey, Ey(t) = Ey €' = Ey =iwEy,  (73)
with no spatial dependence in E,.

e Furthermore, we assume that E, varies on a time-scale that is large com-
pared to the cyclotron period,

W < wg. (74)
e Similar to (69) we have

moy = quyB + qEx(wt), mo, = —quyB, mo, =0.  (75)
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e We want to separate the time scales again,
0y = ol (wet) + v&d)(wt), vy = v](/o)(wct) + v;d)(wt). (76)

Plugging this ansatz into (75) and averaging over a cyclotron period
yields

miwv,(cd)(wt) = qvéd)(wt)B + gEx(wt), miwvéd) (wt) = —qvg(cd)(wt)B

and thus
(d)
. vy ' (wt)B
miwo, )(wt) = —q%B + gEx(wt)
’ o\ — :
= ol = (142 9Ly 19p 4 Lok,
(iw)? miw m w? w.B
~[w?/ (iw)?] !
or
1 0
ng,pOl = :l:w—cBgE (77)

e This is the drift in the direction of E we anticipated in the beginning of
this section. It is only effective if the temporal change in the electric field
is fast enough (as it goes with w/w.). However, for our derivation we
assumed that it is not too fast, because w? < w?. Unless this condition
is fulfilled, a separation of time-scales does not make sense.

o The polarization effect is similar to the case of solid dielectrics but not quite the same.
Imagine a solid dielectric inside a capacitor to which a voltage of variable frequency
can be applied. The dipoles will orient themselves according to the electric field, cre-
ating the polarization. This works for a static field (w = 0) as well as for w # 0. If
w K 0, where () is some internal frequency with which the dipoles would freely oscil-
late, the dipoles can easily follow. Now imagine a plasma between the capacitor plates.
Without additional magnetic field the plasma would simply serve as a conducting
medium, and a DC (w = 0) or AC (w # 0) current would set in. With a perpendicular
magnetic field we do not have dipoles but charges that are forced to perform circular
orbits around the magnetic field. In the AC case the net effect is similar to what hap-
pens in the solid dielectric because charges are displaced on a length scale of the order
of r.. However, the polarization effect is absent in the static field case (where only the
E x B-drift occurs).
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2.8 ADIABATIC INVARIANTS

e Consider a one-dimensional system described by a Hamiltonian
H(p,q; Q) with Q) a parameter that changes “slowly”, e.g.,

e/ a2
o t
a = T O < 1. (78)

Here, T is the period of the motion for fixed (2 and a given total energy
E. Hence we assume that for fixed () the system undergoes periodic
motion of period T. Then, for adiabatically changing (), we expect the
motion to be quasi-periodic, i.e., the orbits in phase space will not exactly
be closed, but “almost”.

e One can show? that

dI
<E> =0 (79)
for
szpw (80)
where p and g are canonical momentum and position, respectively. Fur-
ther,
L d 8
=7/ Fod 51

and the integral over a closed path in (80) is meant to be taken for the
given E and the current Q).

e The rigorous theory behind adiabatic invariants is rich, interesting, and
subtle.3 One could spend a whole lecture on it. However, in this lecture
we merely apply the theory.

e In general, for higher-dimensional systems which are non-separable adi-
abatic invariants do not exist. However, we will see below that, e.g.,
in the case of a charged particle in the (admittedly idealized) magnetic
field of the earth there are three very distinct time-scales so that the dy-
namics is quasi-separable. One can adiabatically eliminate step by step the
respective fastest time-scale.

2See any good textbook on Classical Mechanics.
3 See, e.g., V.I. Arnold, Mathematical Methods of Classical Mechanics or A.]. Lichtenberg and M.A.
Lieberman, Regular and Chaotic Dynamics.
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e As an example, consider a harmonic oscillator whose frequency Q(t) changes slowly
compared to the period T = 27/Q),

Pz 1 2 2
= 4 SmO2(t)g>
H= - +5mQ(t)q

For a given energy E the trajectory in phase space is an ellipse with semi-axes v2mE
and v2E/mQ?2. Hence we obtain for (80)

E
I = nvV2mE\/2E/mQO? = const = Q((?) = const,

i.e., E(t) and Q(t) change adiabatically such that their ratio is constant.

2.8.1 First adiabatic invariant

e Now let us calculate the adiabatic invariant related to the gyro-motion
of a charged particle about the magnetic field lines. The Hamiltonian
reads , )

_ 2 —gA —gA
o (P—aA)? _ (pL—qA)® (P —94)°

2m 2m 2m

(82)

e For the cyclotron motion We can treat the magnetic field locally constant
B = Be||. We can thus choose for the vector potential, e.g.,

1
AIEBXI‘ :>A||:0. (83)

e Because
mv =p—qA (84)

we have to evaluate
L :fp-dq:fmv-errqu-dr:vaZm’LJr/quA-dn (85)

where the last integral is over the area enclosed by the gyro orbit, dn
being the (properly oriented) surface normal vector element. We can

write this as
m

2
L —l—/qB-dn.
We

As dn is anti-parallel to B for a positive charge and parallel for a negative
the result is in any case

11:27'[

2 2 2 2 2

mov B mv v B mv mov
L =27 L—]q!Bnr%:Zﬂm—zi—]q[Bn—Lz :7rm 2L = Tm-—=
We m w3 w? m w3 \q|B
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so that -

L = Zﬂm j = const, (86)
with the magnetic moment y = mvi/ 2B [see (54)], is an adiabatic in-
variant.

e Hence, we confirm the previous result that the magnetic moment y itself
is constant,
I} ~ u = adiabatic invariant. (87)

2.8.2 Second adiabatic invariant

e Having in mind the motion of a charged particle (e.g., a solar-wind
proton) in the earth’s magnetosphere, we expect another adiabatic in-
variant related to the north-south bouncing due to the magnetic-mirror
effect along the red line in the figure:

e Averaging-out the gyro-motion about the magnetic field lines, what re-
mains is the Hamiltonian for the guiding center

(P —94))°

2m (88)

Hy = (H)2n /0. = #B(q)) +

Show (88) explicitly, i.e., plug the gyro-motion orbits into H (82) and
average.

e Hence, the adiabatic invariant connected to the nort-south bouncing is

bePMWZWf5M%+Qf&MW



2.8 ADIABATIC INVARIANTS 27

This time we cannot set A = 0 because without any A the magnetic
tield would be constant in magnitude and thus there would be no bounc-
ing. However, the integral § A| dq vanishes.

: —q4))?
From energy conservation, employing that numerically W =

%mvﬁ, we find

E=uB(q) + %m?ﬂ (q))* (89)
Let g = a and g = b be the turning points defined by v =0,
E = uB(a) = uB(b). (90)
We can then write

b
I =2m / v) dg| = adiabatic invariant. (91)
a

If the field configuration changes slowly on the time-scale of this bounc-
ing motion I, will be conserved.

Third adiabatic invariant

The curvature and VB drift discussed above would lead to another pe-
riodic motion of the “bouncing center” along the green, dashed circle in
the following figure if the earth’s magnetic field were ideally dipole-like.

Averaging-out the bouncing motion leads to an average position at the
equator (red dot) that drifts equatorially around the earth.

Which effect has the earth’s rotation?
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If the magnetic field were deformed on a slow time scale compared to
the unperturbed equatorially drift around the earth there would be an-
other adiabatic invariant I5 related to that motion. However, fluctuations
in the magnetosphere are not really slow on that time scale so that I3 is
not constant. Nevertheless it is instructive to calculate it.

The Hamiltonian reads (again)

_ 2
H2 — [po gi(qo)] (92)

but now q. and po = MV v + JA(qo) are the canonical coordinates
describing the equatorial drift motion.

In analogy to (85) we find
13 =2nRm Ucurv,VB + q / B - dn. (93)

The first term is numerically small compared to the second, which is just
the magnetic flux ® through the area enclosed by the equatorial orbit
around the earth. Hence,

I3 = q® = adiabatic invariant. (94)

If the magnetic field was slowly distorted by, e.g., the solar wind, the
gyro- and bouncing-motion averaged orbit would change such that the
total enclosed magnetic flux stays constant. Although this is not valid
for particle motion in the magnetosphere it may be useful under other
circumstances, e.g., for magnetic bottles.

An example from Kulsrud’s book: 10-keV proton 5 earth radii away from the earth
= we = 24571, v, = 1.6 x10°m/s, rp. = 67km. For a pitch angle arctanv /v =
45° the proton moves 6000 km away from the equator along the field line, and the
bouncing period is ~ 100s. The equatorial drift velocity is “only” 6km/s so that it
takes 3.6 x 10*s to circle the earth.

Note the three nicely separated time-scales in the problem:

Tcyclotron = 0.26 < Thounce = 100 < Tequatorial =3.6x10%s.
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3.1

e In this chapter we will derive the equations governing plasma from first

principles. We follow a "top-down” approach and show how from quite
general statistical considerations the VLAsov equation can be derived
as long as “collisions” between plasma particles are negligible, i.e., col-
lective effects dominate. Later, in the chapter “Kinetic Description of
Plasma II” we will discuss how collisions can be included.

BBGKY HIERARCHY

We consider, for simplicity, a classical, nonrelativistic one component
plasma of N identical particles with charges g and masses m in a volume
V, e.g., electrons and a homogeneous, smeared-out background of ionic
charge density gn = qN/V in order to render the total system neutral.
At the end of this section we generalize the result to multi-component
plasma.

As a starting point for the derivation of the BogoLiuBov-BoRN-GREEN-
KIRkwoOD-YVON hierarchy the KLimoNTOVICH distribution function

N
K(X,t) =) 6[X — X;(t)] (95)
i=1

may be used. Here, X;(t) = (r;(t),v;(t)) collects the phase space coor-
dinates of particle i, and X = (r,v). Note that we write K(X,f) just
to avoid the more clumsy K(X, {X;(t)}). The explicit time-dependence
arises because the solutions X;(t) of the equations of motion of all parti-
cles are thought of being plugged into K.

Written in terms of r and v we have

N
K(r,v,t) = ;(5[r—ri(t)]5[V—Vz‘(t)]- (96)

e We see that K(X, ) is a phase space distribution which contains the full

knowledge about the classical system: all positions and all momenta.

29
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e One may think of K as N delta-peaks, moving around in 6D phase space.

Show that from the classical equations of motion

oK . 0K dK
§+X'ﬁ_0_a (97)

follows.

e Explicitly written in r and v we have

d
(g"‘V'Vr—i_v'vV) K(I‘,V,t) :O, (98)
which may be called the KLimoNTOVICH or the KLIMONTOVICH-DUPREE

equation.

e In plasma the dominant force is the LORENTZ force so that

.4
v=1(E+vxB), (99)
where the fields E and B may be split into an external part Eg, By de-
scribing the externally applied fields, and the fields e, b generated by
the plasma particles themselves. The latter can be in principle calculated

via the charge and the current density

p(r,t) = g {/ d*oK(X,t) — n] , (100)
j(r,t) = q/d3va(X,t) (101)
from MAXWELL's equations
eV-E = p, (102)
V-B =0, (103)
VXxE = -B, (104)
V XB = upj+ poeokE. (105)

o In the so-called electrostatic approximation, in which magnetic-field, retar-
dation, and relativistic effects are ignored we have

b(r,t) =0, e(r,t) = —V,P(r, 1) (106)
with the scalar potential

®(r, t) = / gy L LORXN) g [ g KX
’ 4rteg|r — r'| 47te) r—r|"

(107)
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e The homogeneous charge background does not contribute to e(r, t).

e We can then write the KLIMONTOVICH equation (98) in the form

(at + L(X,t) — % /dX’ V(X, X, tH)K(X, t)) K(X,t) =0, (108)

where
L(X,t):v-Vr+%(Eo+va0)-VV (109)
is a single-particle operator, and
2
ray - M Ly,
V(X, X, t) = Treqm (Vr|r— r’|) Vy (110)

is a two-particle operator which arises because of the CouLoMB interac-
tion.

e The KLiMONTOVICH equation (108) describes the microscopic evolution
of the microscopic, ”fine-grained”, classical distribution function K (X, t),
which is not useful for practical purposes.

e We need to make a connection to the more “coarse-grained” description
of a plasma in terms of a single-particle distribution function f(r, v, t) or
macroscopic entities such as density p(r, t), pressure p(r, t), temperature
T(r, t) etc.

e The connection is established in a statistical way. A microscopic state of
the system is described by a point in 6N-dimensional phase space’ T,

{Xi} = (Xl,Xz,...,XN). (111)

e In Statistical Physics you have been introduced to the concept of statis-
tical ensembles (although for thermal equilibrium mostly). The statisti-
cal operator, density operator, or, classically, the statistical distribution
function was denoted p there. In order not to confuse it with charge
densities we call it D({X;}, ) here. Remember, D weights microscopic
states according to our knowledge about the system. We assume that D
is normalized to unity,

[ a{xy DixihH =1

! Note that the KLimoNTOVICH distribution ”“lives” in 6-dimensional phase space.
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e The statistical distribution function fulfills the L1ouvILLE equation
oD + {X;} - dixD =0, (112)
where dx} runs over all 6N phase space coordinates.
e Consider a fine-grained quantity
AX X, X (D)) t).

The KLimonTOVICH distribution is such a quantity (we just suppressed
the dependence on the individual single-particle phase-space points
{X;} in the argument). Expectation values of such quantities are cal-
culated according

(AX,X/,... 1)) = /d{Xi(t)}A(X,X’,...,{Xi(t)},f)D({Xi(t)}/f)-

e Since the {X;(f)} in the fine-grained quantity A evolve in time just like the respective
{Xi(#)} in D one may do the actual weighting at any time, e.g., at t = 0, and let A
evolve thereafter,

(A(X,X!,...t) = /d{Xi(O)}A(X,X’,...,{Xi({Xi(O)},t)} D({X;(0)},0).
Here, {X;({X;(0)},)} indicates the T-point {X;(t)} that was at t = 0 at {X;(0)}.
e For the KLimoNTOVICH distribution we obtain
KOGH) = [ X0} KXAX( D DHX (D}

N

/ d{Xi()} ) o[X = Xi(t)] D({X;(t)},t)

i=1

- /dXZ(t) dXN(DD(X, Xa(t), ..., Xn (1), )

+/dX1(t)dX3(t) - dXN(DD(X1(£), X, X3(8), ..., Xn(£),£) + - - -

N/dXz(t) dXN(OD(X, Xa (1), .., Xn (D), 1)

Dy (X,t)

where we assume that D is invariant under the permutation of particles.> D is the

single-particle distribution function normalized to unity, [ dX D;(X,t) = 1.

Hence,
(K(X,...,t)) = ND1(X,t). (113)

2 We consider here one particular species of indistinguishable particles. In general, a plasma
consists of several species of indistinguishable particles.
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e For a product of KLiMoNTOVICH distributions we obtain

KOOK(K, D) = [ XK X0 DK X0} DX (1))

N N
= /d{Xi(t)} 25[?( — Xi(t)] X%ﬂx' - X;()] DU Xi(D)}, 1)
. = =

N
+ [dlxi(t} L elX - XOlox — X (0] DUXi(H), )

iZ
= (X —X')NDy(X,t) + N(N — 1)Do(X, X', t) (114)

with
Dy (X, X/, 1) = /dX3(t) dXN(DD(X, X', X3 (b, ..., Xn (), 1) (115)

the two-particle distribution function normalized to unity, [ dXdX' D,(X, X', t) = 1.
e The single-particle distribution function f1(X,t) is defined3 as

AXE) = %(K(X, ) = VDy(X, 1),  n— % (116)

e Now consider the product of two KLimoNTOVICH distributions

N
KX AX(OHKX AX;(0)}) = Y o[X=Xi(H)] ) o[X" = X;(t)]

. =1
+§5[x — Xi(1))O[X" = X;(t)]
i#]

Taking the ensemble average gives, using (116),
(K(X,HK(X', 1)) = (X — Xnfi(X,t) + n*fo(X, X', 1),

i.e., the definition of the two-particle distribution function

HX K1) = KX KX, D) 6(X = X)A(XH. ()

3 For the sake of confusion, distribution functions with different normalizations are used in
the Plasma Physics literature. Here, [dX f1(X,t) = V.
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e Comparison with (114) shows that

f(X, X, t) = N(ZZZ_ 1)D2(X, X', t) ~ V2D (X, X', 1) (119)
for large N.
Similarly
£ X, X8 = %(K(X,t)K(X’,t)K(X”,t» (120)
38X = XX ~ X" fi(X, )

—%[s(x _XNA(X X" )+ 5(X = XV fo(X, X, 1)

+6(X" = X) fo(X, X', )]
~ V3Ds(X, X', X", t)

with D3(X, X/, X", t) = [dX4(t)---dXn(t)D(X, X, X", X4(t), ..., XN(1), 1).
How are the distribution functions f; normalized?

e Now we are prepared to derive the BBGKY hierarchy. We write the
KrimoNTOVICH equation (108) in the form (suppressing the time argu-
ments from now on)

9+ L) K(1) = %/dz V(1,2)K(1)K(2) (121)

where we write 1,2, 3, ... instead of X, X', X", ...

e Ensemble-averaging yields, using (118),
0+ L) nfi(1) = /d2 V(1,2)[nfa(1,2) +6(1—2)f,(1)].
o Because
/dz V(1,2)5(1 - 2)fi(1)
— g/d%’/d%’ T G-y — V), &=

lr—1/|3 = dregm

2

= LS AN TR — / 3, %

_ g/dr‘r_r,‘?) A=) Vfilv, 1) = EVufilvt) - [ s ow)
S~~~ even
odd
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-0 (122)

this reduces to

e+ L(1)] fi /dZV (1,2)f2(1,2). (123)

Show that from the equation of motion for a product of KLiMmoNTOVICH
distribution functions one finds—upon ensemble averaging—

9 L)L) - L (VA2 4V} £OD) G2

= / d3[V(1,3) + V(2,3)]f3(1,2,3).

One must pay attention to the fact that both L(i) and V (i, j) contain differential opera-
tors acting with respect to variables comprised in i.

The time derivative of a product of two KrimoNTOVICH distribution functions reads,
using (108),

[K(1)K(2)] = [0:K(1)]K(2) + K(1)0:K(2)
K(2) [—L(l) + [ V(1,3)K(3)K(1)} +K(1) {—L(Z) = [ V(2,3)K(3)} K(Q2)

= —[L(1)+ LQ2)]K1)K(2) + % /d3 [V(1,3) + V(2,3)]K(1)K(2)K(3).

Upon ensemble averaging we obtain with (118) and (120)

H(K(MKQ2)) = a[n’f(1,2) +n5(1-2)f1(1)],
—[L() +LUKDKR)) = —[L(1)+LQ2)]|[n*f2(1,2) +ns(1-2)f(1))],
/ d3[V(1,3) + V(2,3)|(K(1)K(2)K(3)) (125)

% /’ d3[V(1,3)+V(2,3)][n*£3(1,2,3) + n6(1—2)5(1—3) £ (1)

+1? {6(1-2)/2(2,3) +6(2-3)/2(3,1) +6(3 = 1) 2(1,2)}].
We first show that [ d3[V(1,3) + V(2,3)]6(1 —2)6(1 — 3) f1(1) vanishes:
/d3 [V(1,3) + V(2,3)]6(1 — 2)5(1 — 3) £ (1)
o 3, 3 r —1r3 rp—1r
- é/d 3/d [|f1 —P Vit 1) —r3[3 VVZ}
x0(11 — f2)5(V1 —Vv2)d(r1 —13)6(v1 — v3) fi (11, V1, t)

_ 3 I — I —1
= C/d |:I' —1‘3‘3 v + ‘rz —1‘3|3 : VV2:| 5(1‘1 —I'z)(S(Vl —Vz)(S(rl —l‘3)f1(r1,V1,t)
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r —r3
= 65(1‘1 —I‘Q)Vvl[ (Vl — V) fl I‘],Vl, /d3 |1‘117 ( iyl —1‘3)

+80(r1 —12) f1 (11, v1, 1) [V, 6(v1 — /d3r3 = rr:‘a (r —13)
= 0.

The last step follows for the same symmetry argument as in (122).
Next we find

L)+ L2 -2)/(1) = AMLM)(T-2)+6(1-2)L(1) A1) + fi(1)L(2)5(1 - 2)
= 1

because
AMLA)6(1—-2) = fi(ry,vi, t)[vi- Vi +a; -V ]o(r) —12)d(vq — v2)
= _fl(rllvlrt)[vl : vl‘z + aj - sz]é(rl - 1'2)5(V1 - VZ)
= —fl(l‘l,V1, f)[Vz . Vrz +ap- VVZ](S(I'l — 1‘2)5(V1 — V2)
= —f(1)L(2)é(1-2),
where a; = L [Eo(r;, t) + v; x Bo(1;, t)].
Moreover

| / d3[V(1,3) + V(2,3)]6(1 —2)/2(2,3)

" " T
= (:f/d3r3/d3‘() 11771'|3 Vvl ( —1'2)5(V1—V2)f2(1‘2,1‘3,V2,V3,f)

) ]
+€/d37’3/d3213 —71"3 . VVZ(S(I‘l — 1‘2)5(V1 — V2)f2(1‘2,1‘3,V2,V3, t)

1 —13
= (Vyo(vi—vp)- / Va/ds AP 3(r1 — 12) fo(r2, 13, V2, V3, 1)

I — T
+€[Vvl(5(v1 —V2 /d r3/d3v3 mé(rl —rz)fz(rz,r3,V2,V3,t)

I —7r
+§/d373/d3 2 r33|3 d(r1 —12)0(vi — v2) Vi, fo(r2,13,v2, V3, 1)

rH —r
= ¢Vyd(vi—Vv2 '/d 73/d303 17;35@1 — 1) f2(12, 13, V2, V3, 1)

T
C[Vvl V1—V2 /d3r3/d3 I r3‘3 (r rz)fz(rz,l':;,Vz,Vg;,f)

ID — T
+C/d373/d3v3 2_r33|3 o(r —r2)5(V1 —V2)Vy, f2(12, 13, V2, V3, t)

r J—
= §/d373/d303|r22_7r3|3 +6(r1 —12)6(v1 — v2) Vi, fo(12, 13, V2, 3, £)

— 5(1-2) /d3 V(2,3)f2(2,3).
Multiplying (123) by né(1 — 2) gives

n6(1 —2)[3 + L(1)]f1(1) = né(1 - 2) /d3 V(2,3)f2(2,3).
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Hence, putting all surviving terms in (125) together we obtain
o+ L) +LIL(L2) = [d3[V(L3)+V23)]f(1,2,3)
+% /d3 [V(1,3) + V(2,3)][6(2 = 3) (3, 1) +6(3 — 1) fo(1,2)]

/d3 V(1,3) + V(2,3)]f(1,2,3)

VLA 4V 1)A0,2)
+%/d3V(1,3) 3-1)f(1,2) /d3V (2,3)6(2 —3) (3, 1).
The last two terms vanish because of symmetry again:
/d3V13) (B-1)/(1,2) + /d3V23) 2-3)£(3,1)

r [—
= /d3r3/d303 — |3 -Vy,0(r3 —11)0 (v3 —v1)fa(ry, 12, V1, Vo, t)

I —
+§/d31’3/d3z) 2_r3|3 VVZ ( I‘3)(5(V2—V3)f2(r3,r1,V3,V1,t)

-13
= §/d3r3(5 r3—r1)‘ 1 PN Vi fa(11,12,v1, 2, 1)
-13
+€/d373(5 1'2—1'3)|27r|3 szfZ(I'S/rerZer/t)

rn—r
= gvV]fz(rllrz/V1/V2/ /d3 7r3|35( 3 rl)

rp—1r3

+€vaf2(r2,l'1,V2,V], . /d37’3 \1‘2 —I'3|35(r2 - 1'3) =0.
Then, with f,(2,1) = f2(1,2) we finally have
o+ L) +LEIAL2) = [dBV(L,3)+VER3)A(1,23)
1

+- [V(1L,2)+ V(2 1)] A(1,2),

which is the desired result.

e Similarly the equation of motion for f3 couples to f; etc. This is the
BBGKY hierarchy, named after BocoLiusov, BorRN, GREEN, KIRKWOOD
and YvoN, which can be summarized in the form

.,8)

:I»—\

at—l—iL(l) iV

i=1 i#j
S
Z/d s+ D) V(@i,s+1)fora(1,2,...,5+1)

i=1

(126)
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VLASOV EQUATION

We write the distribution functions in terms of correlation functions Cs,

G(1) = A1), (127)
C(L,2) = f2(1,2) = C1(1)Ci(2), (128)
C3(1,2,3) = f3(1,2,3) — C1(1)C1(2)C1(3) (129)

—CG1(1)CG2(2,3) = G1(2)C2(3,1) = G1(3)C2(1,2),

In particular, with

E(1) = f(1), (130)
and the pair correlation function
G(1,2) = C2(1,2) (131)
we have
f2(1,2) = F(1)F(2) + G(1,2). (132)

The first equation of the BBGKY hierarchy (126), i.e., the one for s = 1,
reads

[at+L(1)—/d2V(1,2)P(2)] F(1) :/dZV(l,Z)G(l,Z). (133)

The right-hand-side involves the pair correlation function and is called
the collision term. It is expected to be the less important the smaller the
inverse plasma parameter Nj' is. Neglecting it leads to the Viasov
equation

{at +L(1)— /dz V(1,2)F(2)] F(1) = 0. (134)
Writing L and V explicitly, we obtain the VLAsov equation
[at+v-vr+%(i+vx§)-vv} F(r,v,t) =0 (135)
with
B = By (136)
and

_ F(r', v/, t
E=E— Zovr / d&r / d“"’v’%- (137)
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o We see that the mean electric field E consists of the external part Eg and a
HARTREE mean field due to the other particles. Indeed, because

nq/d% F(r,v,t) = p(r,t) (138)
is the charge density, we may write as well
F—Fo 3,/ p(r',t)
E = E 47T0Vr/d Pyl (139)

e Because we neglected magnetic effects only the external magnetic field
contributes to B.

e It is important to keep in mind that B and E are mean fields. In the
VLasov equation, we neglect the part due to correlations governed by
G(1,2), which, by definition, we say corresponds to “collisions”. It is
formally, mathematically clear what we do here. However, it is not
always intuitively clear to which extent a particular physical effect is
included in a VLAsov treatment or not, especially far from equilibrium.

e So far we considered only a one-component plasma. If we have different
species ¢ in the plasma the set of VLAsOv equations read

o +v-Vy+ 9o (E—i—v X B) VV] Fy(r,v,t) =0, (140)

mg

with

E:EO_Z 1 v/d3/p(7( ) (141)

~ 471€)) lr—r|"

e We can include magnetic field effects by considering the full system of
VLASOV-MAXWELL equations

0 = [at+v Ve+ — 9o (E+v x B) -VV} E,(r,v,t), (142)

Mg
eV-E = p=po+) 0o (143)
[
3 Ny
po(r,t) = qgng/d v Fy(r,v,t), Ny = v (144)

VXxB = up (io + Zja) + Ho€oo:E, (145)
o
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jo(r,t) = qgnU/d%ng(r,v,t), (146)
V xE —d;B, (147)
V-B = 0, (148)

where pp, jo are external charge and current densities generating the
external fields Egp, Bg. Since the latter are given explicitly anyway one
just needs to solve

eV-e =Y po V-b=0,
o

Vxb = Ho ng + “l/loe()ate, V xe=—09:b
o

together with the VLAsov equation (142) self-consistently.

e The Viasov equation (142) advances the single-particle distribution
functions F,(r,v,t) according to the fields E, B, and the MAXWELL equa-
tions advance the fields according to the charge densities and the current
densities pg, jo, which are calculated from F,(r,v,t).4

e The VLAsov equation (142) for a particular particle species ¢ looks for-
mally like the L1oUVILLE equation for a single particle under the influ-
ence of a force F = g, (E+ v x B). The difference is that in the VLasov
equation the fields—and thus the force—depend on F, via eqs. (143)-

(146).

What needs to be changed in the set of equations (142)—(148) to render
them relativistically correct?

o The set of equations (142)—(148) sets the stage for many of the state-
of-the-art numerical plasma calculations, e.g. “particle-in-cell” simula-
tions. If collisions and quantum effects are not important, the VLAsov-
MAXWwELL system captures all the essential physics.

3.2.1 Properties of the VLASOV equation

Because
N, = n, / d3rd3v Fy(r,v,t) = const (149)

+MAXWELL equations (143) and (148) are actually not needed for the propagation of the fields
but they need to be satisfied by the initial conditions.
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is the number of particles of type ¢, which we assume to be constant,

we have
at/d3rd3v Fy(r,v,t) = 0. (150)

Show this directly from (142).

e If® F(r,v,t = 0) > 0 then F(r,v,t) > 0 at all times. This can be under-
stood by assuming the opposite. Let the distribution function F become
negative at t = ty and phase-space point ry, vo, which implies 9;F|¢, < 0,
ViFleyvoto = VvF|ryvot, = 0. However, this is not possible according
(142).

o We know that with collisions the classical equilibrium distribution func-
tion is a MAXwWELL-BoLTZMANN distribution function. The VLasov equa-
tion has many more equilibrium solutions. In equilibrium, 9;F = 0 so
that

[V-Vr—l—%(EﬂvaE)-V‘,} F(r,v) =0. (151)
Let the functions ¢;(r,v), i = 1,2, ... be constants of the motion, i.e.,
de:
d—ctl:v-vrci—l—v-vvci:O (152)
with v = I (E+ v x B). Then any function F[{c;(r,v)}] fulfills (151),
ie.,
[V-Vr+% (E+v x B) -VV] F[{ci(r,v)}] =0. (153)

Show (153).

e In the field-free case E = B = 0, where the constants of the motion are
energy and momentum,

1
E = Emvz, p = mv, (154)
e.g., the MAXWELL-BOLTZMANN distribution function
3/2
m 2
F _ —muv*/(2kgT)
(0) (27rkBT> e (155)

5No chemical or nuclear reactions, no particle sources or sinks, no creation or annihilation of
particles.
®We suppress the index ¢ if it is clear that the respective equation holds for each particle

species.
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is a solution of (151) but also any other function F(vy, vy, v;), e.g., a
distribution function

F(v) = v9d(vy) 6(vy) 6(0% — 05) (156)

describing two counter-propagating cold beams.

Why does it describe two counter-propagating cold beams?

The MAxwELL-BoLTZMANN distribution function (155) is a “true” equi-
librium distribution function, fulfilling also stationary” kinetic equations
with a collision term on the right hand side of (133) (e.g., the BoLrzmaNN
equation, see below).

Instead, the distribution (156) is an equilibrium solution of the VLasov
equation but collisions would cause the distribution to assume a
MAXWELL-BOLTZMANN form on a time scale on the order of T.pision =
1/{(v) = 1/v, where | is a mean free path, (v) is a mean velocity, and v
is a collision frequency, to be derived lateron.

Hence, we expect a VLasov description to be meaningful on collective
time scales

Ap
Teollective — H < Teollision- (157)

The collective time scale T.gjjective 15 the time scale on which the correla-
tion function G(1,2) above decays, the collisional time scale Teqision 1S
the time scale over which F(1) itself would decay (towards MAXWELL-
BorrzmANN form) but using the VLAsov equation, it can't.

What are the constants of the motion for E = 0, B = Bye,? Show that
F(vz, vy +qBox/m,vy — qBoy/m)

is a solution of the stationary VLAsov equation in this case.

Given a function ®(F,), where F, fulfills the VLasov equation, and

H(t) = / Erdo d(F,),

7That is, 0;F = 0.
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it follows that H is conserved,

dH
Proof. We have® (dropping the 0)
C}i—lj = / d3rd%v 0;® / d3rd30 &' (F)oF

= —/d3rd3vc1>(F) [V-Vr+%(E+vx§)~VV]F

=~ [&rdo [v- Vet L (B4vxB) - V] @(F)
— e (4w S ) () o

- e () (s em) 0]

-~

Vx J

In the last step we used Vy - (v x B) = 0, introduced a 6D nabla operator
Vx, and defined a 6D phase-space current J. Hence

d_I;I:/d6XVX-]:/dn-]:0. (159)

Why does this proof also work for infinite, homogeneous systems where
F does not vanish for r — 00?

e Consider the entropy

S(t) = —2/d3rd3vFg(r,v,t) InF,(r,v,t).
(2
Because of (158) we have
ds
a = O, (160)

8 Note that for a function g(r, v, t) “living” in 6D phase space

3,13, _ 3,43 o\
dt/ (r,v,t)d’rd’v = /Q(t) 9:g(r,v,t)d’rd v+/80(t) g(r,v,t) <VQ) dn

where (fq, V) is the 6D surface velocity of () and n is the corresponding 6D surface normal
vector. This is the “LEIBNIz integral rule” applied to our case in which, moreover, the surface
does not move and thus the second integral vanishes.



KINETIC DESCRIPTION OF PLASMA 1

i.e., the entropy is conserved in a VLAsov system, which is not surprising
because there are no collisions which could bring the system to, e.g.,
thermal equilibrium while maximizing the entropy.

o If there are different time scales in the VLAsov dynamics such that

F(t> = slow(t) + Ffast(t)

one may consider the fast fluctuations as “disorder”, in analogy to the disorder gener-
ated by collisions. A change in the disorder can then be measured by the entropy

S* = —/d3rd30 Fsow (t, v, 1) In Fgou (1, v, £).

Check that 5* indeed increases upon probability transfer from Fyoy, t0 Fiagt.

e Let {Fstationary } be the set of distribution functions fulfilling the station-
ary VLAsov equation for a particular physical setup (i.e., for given exter-
nal fields). As we discussed above, this set is in general bigger than in
the corresponding case with collisions. Hence, there are stationary solu-
tions with smaller entropy S(Fstationary) than the true, maximum equilib-

P(true)

rium entropy S( stationary

). We call these other solutions metaequilibria.

e Some of these metaequilibria are unstable, i.e., if one adds an infinitesimal
perturbation to an Fy € {Fstationary }/

F(t) = Fy+ OF(t)
it may happen that 0F(f) grows in time.

e It can be shown that an equilibrium is stable if the kinetic energy is
constant,

d 3,43, L, 2
a/d rd vimv nF = 0. (161)
If we are able to express v? as a single-valued function of F,
v? = v*(F)

we are back to the case (158), and (161) is certainly fulfilled. The single-
valuedness can be ensured by
oF
002
Hence, distributions F (02) that monotonically decrease with increasing
v? are stable VLAsov equilibria.

< 0.

Why don’t we consider the other mathematical option dF /9v? > 0?
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3.3 VLASOV THEORY OF PLASMA WAVES

e The full VLasov-MAXWELL system (142)—-(148) is nonlinear because the
fields in (142) depend on {F,}. Nonlinear partial differential equations
are almost always impossible to solve analytically (and numerically hard
as well).

e In order to proceed analytically we linearize the VLASOV-MAXWELL sys-
tem. We consider (for each species o) a perturbation ¢F(!) “on top” of
an equilibrium distribution F(¥),

F(r,v,t) = FO(r,v,t) + eFV(x,v,t). (162)
e Similarly for the fields
Er,t) =BV, t) + eEV(r,1), B(rt) =B (r,t) +eBV(xt). (163)
e In order * we have

0 = [af +v- Vet 22 (B9 v xBY) vv} rY,

My

eOV.E(O) - p0+2qgng/d3z;P(§o)l
(o

vxBY = Ho (io + Z%ﬂa/d% VF§O)> + Ploeoatﬁ(o),
g

v x —38",
v-BY = o

e In order ¢!:

[at vVt o (E(O) +vx Em)) : V‘,} rY
m

g

L Qo (v 5D o O
= & (B +vxBY) . v Y, (164)
€0V-E(l) = quna/d3vF§1), (165)
o
vxBY = 1o qung/de’v vEY + yoeoatﬁ(l), (166)
[0
vxEY = —58Y, (167)

v.BY = o (168)
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o We expect that this set of equations describes perturbations of a plasma

around an equilibrium {F(go)}, such as plasma waves.

3.3.1 Perturbations of a field-free plasma equilibrium

e [et us consider
Y =80 —y, po=0,jo=0, F = g (v), (169)

i.e.,

ZQOWU/dBUEgO) = 0, (170)
o

1o qung/dgvvlféo) = 0. (171)
o

e We wish to study the simplest case of an electrostatic perturbation where

vi BV=0 = vxE"Y=0 (172)

)

so that E'/ can be expressed as a gradient of a scalar potential,

EY = —vo, (173)

Give explicit examples for perturbations F() that do not lead to any
g
B .

e We then have for (164) and (165)

P +v- V] FY = Z—"Vcb(l) vy EY (174)
and
eo V2o = — qung/d% Y, (175)
o
respectively.

e Linear partial differential equations can be tackled using the FOURIER-LAPLACE trans-
form,

e - 1 . —ik-r
q(v,p) = /0 dt e Pt @y / dBr ek g(x,v,t), Re(p) > po  (176)

Fourier—transform gy (v,t)
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= (271T)3/ol3re_ﬂ"r /0 dte_Ptg(r,v,t),

Laplace—transform g(r,v,p)

where pg has to be chosen such that fooo dt e Pt g(r,v,t) converges.

The inverse transform reads

. po-+ico d
g(r,v,t) / &3k ek /p L e’ (v, p), (177)

o—ico 2771

where the integration contour p in the complex p-plane has to be to the right of all

poles {p;} of gi(v, p).

o Transforming (174) yields for the left hand side

o0
/ dt e*Pt
0

= / dt e ’”tatP( )(v t)

/d3re kr 9, +v- Vi F, ()(rvt)

271
= /0 dtat eptFak)(v,t)}—l—/O dtpe*Pth()(v,t)

+ —(2 )3 /d3rv . vr |:e*1k»r Ptgl) (r’ v, p)i| +W /dsrlk . VFél) (r,V, p) eflk.r

/d3r e ikry. VrF(gl)(r,v,p)

0
= —E(v,t=0)+ (p+ik-v)E) (v,p).

e On the right hand side of (174) P(SO) depends neither on r nor t. Hence

/0 dt e_thlT)g /d31’ e—ik-rl_((fqu)(l) : VVFO(’O) = q—U[lk : VVFU(’O) (V)](I)l((l) (p)

mgy
and thus
(p+ik-v)EY (v,p) = FR)(v,t = 0) + 12 fik- VB ()]0 (p). (178)
g
e For (175) we have
€0 k2 anna/d UF V P (179)

Show (179).
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e We have switched from (r, t)-space to (k, p)-space [or (k,w) with w =
ip, see below]. In doing so, we successfully converted a set of partial
differential equations into a set of algebraic equations.

(1)(

e Egs. (178) and (179) can be solved for ®, ' (p) by eliminating Fé}() (v, p):

A )
2 B ot d30 ik - VyF; / 3 =0)
€ok°® (1 Z my€pk? / p+ik-v ) qung d*o p —|— 1k v

D

e The quantity D is called the dielectric function,

— qonU / 3 k- Vv ( ) _ S
Dk,w)=1+ Zeomg d’v kv w =ip, Re(p) > po.
(180)

In fact, it emerges as a factor together with €y, like the relative dielectric
permittivity € in the MAXWELL equations for continuous media.

e Introducing

k-v k

U”: ’ k:|k|, VJ_:V—Z)H% (181)

we can write (180) as

0 F
D(k,w) = 1+Z Il /dZUJ_/dZ)| cZ”/k—v| (182)

eOma

e Defining

UH /dva_ V) = /dBZ) F(go) (v)(S <U| — l%) , (183)

we can write

(0)
D(kip)=1-Y (¥& /dv e 27 18
(Iip) ;( k ) I v‘|—1p/k (184)
Re(p) > po, where 1
2
_ olo
Wpo = <€0m0> (185)

is the plasma frequency of the species o [cf. (24)].
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e The potential reads

Fla(0),t =0)

(1) i /
Q' (p) = €0k3D(k ip) Z%—”a doj oy —ip/k (186)
where, in analogy with (183),
(1) 3, (1) k-v
P||(7k(v||’t = 0) = /d UPU,k (V,t = 0) 0 <U| — T) . (187)

e We are interested in how the modes k of the potential evolve in time. To
that end we take the inverse LAPLACE transform and obtain

Wy — [P dP g
P (1) _/po—ioo 2 @ P (P) (%
or
kzq)(l)(t)_/POJriOO dp elt Z , /dv F|(‘(17%((0H,t:0)
kK A7 Jp—ico 271 €D (K, ip) Jotte | ikoy+p
(189)

e In a few cases, this expression can be evaluated in a straightforward
way.

[¢] Calculate q> (t) for ¢ = e,i (electrons and ions), FO = FO = 5(v)

1) ( )

(cold plasma), F, ( sin kx, and Fi( ) —o.

e In general, however, the evaluation of (189) is quite involved. The in-
tegration contour in the complex p-plane must be chosen such that all

(1)(

poles of ®, ' (p) are to the left. The poles {p;(k)} are determined by

D[k, ipj(k)] =0. (190)

e We wish to deform the integration contour as depicted in the following
tigure from (a) to (b):
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(a) Im(p) (b) Im(p)
A A
p contour ) p contour
X =9
X Qx)
Re(p) Re(p)
X ﬁ
e pO" -— Q> pO—DT

o As CDI((l) (p) is only defined for Re(p) > po we need an analytic continu-

ation of q)l((l) (p) for Re(p) < po, which turns out to be just of the same

functional form as (186) with the same dielectric function (184) if the
velocity integrals that appear in (186), (184) are defined in the following
way:

The velocity integrals are of the type

o duf(u)
so that in the imaginary u plane (corresponding to v) the pole is at
_p
=4

i.e., above, on, or below the real u-axis.

231

e Assuming that f(u) itself is analytic, the so-called LANDAU contours
show us how to integrate in the three cases:

@ Im(w) (o) Im( ) ) Im(w)

In formulas:
hip)={ v Ip/k

© duf(u) o
/—oou——ip/k+27nf(1p/k) Rep < 0.
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Show that for Re p — 0 both expressions give

) = [ R+ i)

where

o duf(u) [ fefee duf(e) | e duf(u)
P/_oou—ip/k_elg(g1+ (/—oo u—ip/k+ ip/k+eu—ip/k>

is the CaucHy principal value.

e Now, having properly defined the velocity integrals, we come back to
the integration path (b) in the complex p plane depicted above. We see
that (188) becomes

4 —jco—u —n+ico ico+p d
=) Ry e (/ + + O) o (p) &' S,
j

—ico+pg —n—ico ico—a 27ti

where

R = 1 oV
pgr;;(;? pj) @ (p)

are the residues.

e The integrals f and fll TP vanish if M| q)l((l)(p) =0.

1<>o—|—p

e What about the f__“JF.ZO integral? If |a| is chosen sufficiently large, the

oa—1
exponential factor

et — e*‘lxlt

will, for t — oo, suppress contributions from this part of the contour. By
neglecting these contour parts, we neglect transient effects in the plasma
due to the sudden disturbance of F at t = 0. What we then obtain are
the so-called time-asymptotic solutions for CI>1(<1) (1) .

e Hence, we have the result

oM (t = co) ZR ek ZR e, wj=ipj.  (197)

The frequencies w; are the poles of the dielectric function [see (190)],

D(k, wj) = 0. (192)

e The equation (192) gives the frequency of plasma waves as a function of
the wave number, i.e., it is the dispersion relation. In other words, (192)
yields the eigenmodes of a plasma.

Recapitulate all the input required to tell the dispersion relation.
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3.3.2 Electrostatic (LANGMUIR) waves and LANDAU damping

Equation (192) can be written (dropping the subscript j)

2 0 F(U)( )
D(k,w):l—z<pr> /duu—|—w/k:0' (193)

g

The roots w = w, + iw; are in general complex, and often w; = Imw
is much smaller than w, = Rew. If it was not, the wave would be
damped as fast as the transient dynamics dies out. Since we already
specialized in asymptotic, large-time solutions we cannot treat rapidly
damped waves by the method dicussed here.

We expand around w; = 0, giving

(W) e _
1 Z( k ) (1+lwlawr)eli>%l+/duu—wr/k =0 (194)

ag

Using the PLEMELJ formular

lim duﬂ P / du L ) + mtig(u = vy) (195)

e0+ u—vy—ie (4
with g(u) =9 Fﬁ )( ) and assuming that the phase velocity v, = w;/k
of the wave is large compared to the thermal velocity v3 = 2kgT/m,
ﬂ
k 4

we can expand the principal value integral in u

P/duu—vq, /dug

Let us specialize on electrons m = m,, neglecting the ions (whose con-
tribution is by m/m; smaller in the sums over ).

Uth K 0y =

u
2 3
Uy

+-- (196)

For a MaxweLLian distribution? for the electrons

1/2
0) _ m —mu? / (2kgT)

9 Now in 1D because v, is already integrated away.
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we find

W2 oo 3. F% (u)
lim —p/ du”—,

e—0t k2 I u _(Ur/k
wf, wf, 242 P (0)
= w—3+3w—%k A+ - iy duF T (1) =, /k (198)
2 Wt wz 2\ 1 w
_ _P _Pp2452 i P _ = YWr —m/(2kgT)(w,/k)?
- 3-Pk2)\2 4 ... )
w? * wi Dt T2 (kBT) N
w2 w 7T W 1 1/ w\? 1
P P 2 : r r
— P 37Pra AU DN Bt A S (e I
e AUV P el B (wp> (Ap)?

where the DEBYE length (16) and

242
prD = 7 2 Uih (199)

were used. The last, imaginary term corresponds to the last term in
(195). Because kAp is small, the (kAp)~2 in the exponential ensures that
this term is small.

Show (198).

e Plugging our result into (194) yields (considering only electrons)
.9 wp a)é \/ﬁ w1 1 w\? 1 B

We require that w; < w, and kAp < 1. Hence, in zeroth order, we have

w2
1- —p = 0, and up to first order for the real part

2 4
w w
1-—2L2-32L(Ap)?2=0
@ W
so that (using the zeroth order)

w? ~ wl% (1 + 3(k)\D)2)

and thus

(200)

~

3
Wy ™~ wp (1 + E(k}\D)Z)

which is called the BouM-GRross dispersion relation.
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For the imaginary part the leading terms yield

N N G e
"w, w? 2 wp (kAp)3 P13 wp/) (kAp)?|

o = L [met wp 1w 1
T TV 2wi ) TP | T2 \wp ) (kAp)2
1T @ _1 2y _1
2\6(10\13)3 P [ 5 (1+3(k0)?) (kAD)Z}
so that
w;j —\/EL ex 1 3 (201)
PE V8 k) TP | 22 2] |

We see that there is a thermal correction ~ k*A% in the BouM-Gross dis-
persion relation (200). In leading order the frequency is just the plasma
frequency, w, = wp, which we found already in section 1.3 where we
did not consider any thermal effects.

Oscillations fulfilling the dispersion relation (200) are called LANGMUIR
oscillations.

We further find that for kgT > 0 = Ap > 0, i.e., a warm plasma, the LANG-
MUIR oscillations with finite k propagate. Hence, we have electrostatic (or
LANGMUIR) waves.

Moreover, eq. (201) tells us that these oscillations and waves are damped.
In fact, the FOURIER-backtransformed potential,

q)(l)(r,t) ~ ei(kvrfwrt) ewit

4

shows that the waves are damped for w; < 0 according (201).

It is striking that damping occurs without particle collisions. This colli-
sionless damping is called LANDAU damping. It is a quite universal phe-
nomenon which appears in various disguises in all branches of physics.

In (198) we see that the imaginary part w; arises from the derivative of
the zeroth order distribution function, evaluated at the phase velocity
vy = wy/k of the wave,

wi ~ a”F\TO)(u) |u=co, /K-
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Therefore LANDAU damping is a resonant phenomenon. The fact that the
derivative of the distribution function shows up indicates that the damp-
ing occurs because there are more particles that are slower than v, than
particles that are faster (for distributions BMF‘TO)(M) < 0). Hence, on

average, the wave looses energy.

e We assumed for our derivation that kAp < 1 (i.e., long wavelengths)
and w; < w; (i.e., weak damping).
Check that our results (200), (201) are consistent with these conditions.
1

Plot the LANDAU damping time w;”
part of the plot is our theory valid?

in units of 27t/ wp vs kAp. In which

o Clearly, the long wavelengths

27
)\Langmuir = 7 (202)

have to “fit into the plasma”, i.e., given the size of the plasma L, we
must have that L > k=1 > Ap.

Damping without entropy increase?

e We obtained an imaginary part of the frequency, leading to the damping
of the perturbation in the field (or electrostatic potential). Where does the
energy go? There can’t be real dissipation leading to increased tempera-
ture or entropy because there are no collisions.

e This seeming paradox is resolved by calculating what the particles do
upon the perturbation. From (178) we have

il (vt =0) | g ik VoBO(v) o

p+ik-v my p+ik-v K (p).

1
F ék) (v,p) =
e The LAPLACE inverse

po-+ico d
Elwn= [ SRR p) e, (203)
po—ico £7T1

with (186) plugged in, is carried out analogously to the inverse LAPLACE

transform of CIDI((D (p) itself, extensively discussed above.
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e In addition to the poles of CIDI((l) (p) at wj where D(k, w;) = 0 there is also

a pole in (203) at p = —ik - v.
e Hence, instead of (191)
o) (t = 00) =Y R e, wj=ip,
)
for Féll()(t — 00) we have

EQ(t = 00) = Rygy e %V 4+ YRy e 71, (204)
j

where Ry, and Rj are some coefficients determined by the residues of

the poles of Fg() (v, p).

Calculate Ry, and R;.
e While the sum over j contains the contributions damped as those in the
electrostatic potential, the new term Ry, e kvt s not damped because
both k and v are real. This term is called the ballistic term. It “memorizes”

the perturbation at + = 0 because there are no particle collisions that
could erase the information about the perturbation.

e Although the ballistic term does not decrease with increasing time it
becomes highly oscillatory in v-space. This is the explanation why it
disappears in the asymptotic-time solution of the potential. As [cf. (175)]

eVl = — qung/dsv Fél),

g
the velocity integration will remove the contribution of the ballistic
source term on the right hand side.

e The effect that information is lost (in a certain obervable, here the elec-
trostatic wave) because of fast oscillations of integrands is called phase
mixing.

3.3.3 lon-acoustic waves

e So far we always neglected the ion dynamics with the argument that the
ion masses are much greater than the electron masses. However, it may
happen that the electrons are much warmer than the ions, T, > T;,

w
Uth,i < T Vp < Uthe- (205)
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e We can then apply the expansion (196) to the ions,

9,0
p / duy — / du auP|<|9)
Vp — U A

1 u  u?
TR AN
Y%

+ ...
3
Vg Z)(P

7

but use

H ! 2ud 2 F ] o (0)
P/du —P/ﬁu———zuv_/ du29,2F|"
Up — —oo ’

for the electrons.

e Plugging this into (195) and the result into (194) yields with m. = m and
m; = M

k2C2 eokp1
2 s 0kBle
wsr = —2-|, Ap =

r 1 —|—k2/\2D e21e

w; = ——21 /8 <E>3/2 X _ T/T —i—\/E (207)
T aveazp2 \T) TP\ T2t ea) M| 7

where

(206)

kgTe

Cs = M

(208)

is the ion-acoustic sound speed. Note that there is the electron temperature
but the ion mass in this expression.

e Because of our assumption (205) these expressions are only valid if

kBTi < Wy < kBTe

M < et (209)

With decreasing electron temperature the damping with the rate ~ |w;|
increases and the sound speed decreases. Give a physical explanation
for this.

Derive (206)—(208).

e The ion-acoustic dispersion relation (206) is qualitatively very differ-
ent from the electron plasma waves’ one (200) in the long-wavelength
regime (kAp)? < 1:
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— For electron plasma waves w, ~ wy, i.e., all waves oscillate with
almost the same frequency;

— For ion-acoustic waves w, ~ k and w,/k = Uy ~ Cs ~ Ugroup =
drwy is independent of k, i.e., all modes travel with the same speed
(like light waves where w = ck with c the speed of light).

e The damping due to w; < 0 in (207) is weak because

— the slope of the electron distribution Fﬁoe) (u) is rather flat at u = v,

while

(

- only a few ions can contribute to damping because F”?) (u) is small
at u = v,.
¢



PLASMA AS FLUID

The kinetic description of plasma introduced in the previous chapter
can be simplified further.

e The idea is to take moments of the kinetic equations by integrating-away
the velocity-space degrees of freedom. Instead of “watching” particles
in phase space one follows “lumps of particles” in position space only.

e We are interested in macroscopic entities like density n(r, t), fluid veloc-
ity u(r,t), current density j(r,t) etc., i.e., all € R3*! instead of F(r,v,t)

o This simplification allows us to apply plasma theory to real-world prob-
lems of, e.g., astrophysical interest.

e Of course, this reduction of complexity is not for free. Some results
obtained through a kinetic description (e.g., LANDAU damping, collision
frequencies, equations of state) cannot be derived from fluid theory but
enter it as input.’

“It should be clear that the fluid theory, though of practical use, relies
heavily on the cunning of its user.”

From KrRALL & TRIVELPIECE, Principles of Plasma Physics

e The use of equations of state to close and to cut the system of fluid
equations requires the plasma to be collisional. This is because many
collisions must occur on the length and time scales we are interested in
in order to render the assumption of a local thermodynamic equilibrium
and an equation of state meaningful.

! This is the reason why we pursue a “top-down” approach where we started (in the previous
chapter) with LrouviLLE and KLIMONTOVICH.

59
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4.1 DERIVATION OF FLUID EQUATIONS

e Let us start with the first equation of the BBGKY hierarchy (in electro-
static approximation) (133), which we write as®

9

oty Vet LBy B)- W Frv, ) = O

=5 (210)

C

(BoLrzmMANN equation) with the collision term

oF
ot

2

. ~ 4eqm |r —r/|

e Integrating over velocity3 (Oth moment),

at/d3vF+/d3vv~VF+%/d3v (E+vx§)-vv1?:/d3v aa—f

yields with the particle density*

n(r, t) = g/dg’v F(r,v,t) (212)
that

on(r, t) + g /d3vv -VF =0.
——
V- [d3vvF

Show that integrals of the type [d%vVyg or [d’0[v x h(r,t)] - Vyg
vanish if limy g =0.

e Hence we find, not surprisingly, the continuity equation
on(r,t) + V- J(rt) =0 (213)
N~
n(r,t)u(r,t)
for particle density and particle flux
J(r, 1) = g/dg’vvF(r,v,t) = n(r, t)u(r,t) (214)

or fluid velocity

u(r,t) = 31((:",?) : (215)

2 For brevity, the particle species index ¢ is suppressed here.
3 We drop the subscript rin V.
4 Here space and time dependent! Previously n was just the average density N/ V.
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e In terms of charge density

p(r,t) = gn(r,t) (216)

and current density
j(rt) = q)(x 1) (217)

the continuity equation reads

oip(r, ) +V -j(r, t) =0. (218)

Why is the continuity equation fulfilled as long as there are only colli-
sions on the right hand side of (210)? Which processes would spoil the
simple form of the continuity equation?

e Now we multiply (210) by %mv and integrate over v (1st moment),
N 3 q = = N 5 OF
Vm/dvv[at—i—v V—|—m(E—|—v><B) VV}F(r,V,t)—Vm/dvv N

o The first term gives>
N 3
Vm / d°vvoiF = md;] = mnoyu + mudm = mndyu — muV - [nu).

In the last step we used the continuity equation.

o The second term reads

Z‘\/]m/d‘%vvv-VF = I‘\/]mv'/d‘gvvlfv
= NmV-/d3vvF[v—u] +NmV-/d3v [VF]u
v v
= %mv : /d3vv[v—u]F+mV -unu
= Z‘\/]mv-/dg’v [v—u][v—ul]F

—f—%mv : /d3v u[v—ulF

+mV -unu.

The first term on the right hand side is the gradient of the pressure tensor

P(r,t) = gm [&olv—ute )l - uE ey, @)

5n,]J, and u are functions of r and t.




62 PLASMA AS FLUID

i.e., in components

Pii(e 1) = pm [ &oloy— (e, ][0y (e, D] F(r v, ).

The other two terms combine to

N
|4

= Z‘\/]mV-u/d‘Q’v[v—u]F—FmV-unu

= mV - -unu—mV -unu-+mV -unu = mV - unu.

V-/d3vu[v—u]F+mV-unu

Hence

Z‘\/]m/dSUVV-VF = V:P+4+mV -u[nu].

If you are confused you may do the calculation using indices and the sum
convention, i.e., vv- VF = vjvi%F = %v]-vilf =
1 1

e The third term yields®
N [ o == N [ a4 o
Vq/dvv(E—i—va)-VvF = —Vq/dvFVV-(E—i—va)v.

The E-part gives (sum rule implied)

Fi<ElU]) = FE(SU = FEJ = FE : e]‘ ’
801-

the v x E-part

o) _ _ _ _ _
Fiav,eiklkalv]' = Feilel(éikUj + Ukéij) = Feilelvkéij = PijlBﬂ)k = F(V X B) : e]-
i

so that N
Vq/dsvv(ﬁ+v X B) - VyF = —qn(E+u x B).

e Putting everything together yields

mndya —muV - [nu] + mV -u[nu] +V -P —gqn(E+u x B) = i\/[m/dg'vv 881;

c
nmu-Vu

® The surface integral in velocity space vanishes.
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o If there were just one fluid species the right hand side has to vanish
(without fluid sinks or sources), and we obtain NEwWTONs equation of
motion for a fluid (in the absence of dissipative effects)

mn(x,t) [0 +u(r, t) - V]u(r,t) (220)
= qn(r, t)[E(r,t) +u(r, ) x B(r, t)] = V- P(r, ),

also called EULER equation. The right hand side in this equation is a
force density with the pressure gradient force contributing. Note the origin
of this pressure term: it arose from the v - VF-term due to a difference
between fluid velocity u and particle velocity v.

o The derivative

D
Di = ot +u(r,t) -V (221)

is called the material derivative, the comoving derivative, the convective
derivative or the Lagrangian derivative.

e The pressure tensor is commonly split into a diagonal part and an off-
diagonal part,
P(r,t) = Ip(r, t) + I(x, t) (222)

(Iis the 3 x 3 unity matrix) with the scalar pressure

p(rt) = %% /d3v v —u(r,t)]?F(r,v,t) = n(r, t)kgT(r,t),  (223)
where T(r, t) is the local fluid temperature, and
II(r,t) = P(r, t) — I p(r,t) (224)
is the viscosity tensor.

e Note that by the definition of a temperature T(r,t) according (223) we
establish locally something that looks like the equation of state of an
ideal gas.

If collisions between the same particle species occur sufficiently fre-
quently the distribution function is isotropic in velocity space. Show
that then P(r,t) = I p(r,t) and V- P = Vp.
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o In the case of various particle (i.e., fluid) species we have instead of (220)
the EULER equation

mgng[at + 11(7 ° V]ug’ - qg‘no’(ﬁ_’_ ug’ X E) + V * Pg-

~ —ighg Y (Vper) (Ue — Ugr), (225)
0—/
where (v,,/) is an effective collision frequency that allows for momentum
transfer from fluid ¢’ to fluid ¢ due to collisions between the respective
particle species.”

Derive the fluid energy transport equation by multiplying (210) with %mv2

and integrating over v (2nd moment).

e Although we started with the electrostatic approximation and just one
particle species it is clear by now that in a fluid description the continuity
and momentum balance equations (for each species ) are to be solved
together with MAXWELL equations using p(r,t) = Y, ps(r, t) + po(x, t)

and j(r,t) = Y, jo(r,t) +jo(r, t) as the sources for the fields E(r,t) and
B(r,t). Here, as in (143) and (145), po and jo are charge density and
current density formally generating the given external fields.

4.2 TWO-FLUID EQUATIONS

e We consider an electron and an ion fluid (¢ =e,i) governed by continuity
ding + V- (nguys) =0, (226)
momentum balance

mg'ng'[at + ug * v]ug' - qo'na'(ﬁ—‘l_ ug' X E) + vpg + v M Hg’

~ —MeNy Z(vw/> (uy —uy), (227)

and MAXWELL equations

eV - E = Po + me Po = Golg, (228)
o

VXxB = Ho (10 + Zj(,) + "uoeoatﬁ, ja = JoNgUy (229)
o

7 The actual calculation of (v,,) from kinetic equations is rather involved. If time permits, we
will discuss this in chapter “Kinetic Description of Plasma II”.
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0, (230)
= —o,B. (231)

e[~

V-

V x

e The coupling between electrons and ions occurs collisionless via
MAXWELL equations and momentum transfer because of collisions (i.e.,

(Voor))-

e In order to solve the set of equations one needs to assume a relation
between pressure and density. Otherwise we encounter the same kind of
hierarchy problem as in BBGKY: the continuity equation couples n to u,
the momentum equation couples u to P [or at least p (or T)]. The energy
transport equation couples kinetic energy density nmu? and thermal
energy density 3nkgT /2 to higher-moment entities, etc.

e Which relation between pressure and density is reasonable to choose de-
pends on the physical process to be described. If heat flow is so fast that
temperature equilibrates quickly one has the isothermal relationship

p~n (isothermal).

If heat flow is slow compared to the process studied one has

p~nl, g= # (adiabatic)

where f is the number of degrees of freedom.

Electron plasma wave from the fluid perspective

e As an example we consider a one-dimensional electrostatic perturbation
n) in the electron fluid n = ne = n(© 4+ 1) of an otherwise homoge-
neous plasma.

e Assuming an adiabatic relationship between pressure and density
(where in 1D 7 = 3) we have
% = 7% (232)

so that with (223) p = nkgT in 1D

Vp = 3kgTVn = 3kgTV (10 + nM) = 3kgTo,nV e,.
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e The linearized momentum balance (227) (neglecting collisions and vis-

cosity) reduces to
mn(o)atu(l) + en(o)ﬁ(l) + 3kBT8xn(1) e, =0.

Making the ansatz

i(kx—wt)

kx—cwt) E(l) — Eeilkr—wt) o 2D — p el

ul) = g el ey, ey

we obtain
—icwmnOn + en O E 4 3ikg Tk = 0. (233)

The linearized continuity equation

gives
)
—iwh+inVkn =0 = A="—n
while the MAXWELL equation (228) gives
A . ien(0)
ekt = —en = E="""4
Egw

Plugging this into (233) yields

ien(0) (0)
(—iwmn(o) +en® 1en + 3ikBTkn k) 1=0
Eow w

2n(0) kT 3
en B
2 = +322 1 = Wl + SR, = (1+3k223)

We thus recover the BonM-GRross dispersion relation (200) with very
little effort. However, in the “fluid way” pursued here we do not get the
imaginary part of w (i.e., LANDAU damping), and we had to assume the
adiabatic relation (232). Instead, in the more involved kinetic approach
we did not need to assume any equation of state.
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Ion acoustic wave revisited

67

e For the 1D, linearized, ionic momentum balance equation we have (with

mi:M,'yi:3)

Mni(o)atui(l) - eni(o) E(l) +3kBTiaxni(1) =0.
—9, @)

A plane-wave ansatz as above yields

—iwMnVuV = —enVik@M — 3k TiiknV.

i
e Because the electrons are fast on the ionic time scale

— we use the isothermal p(n)-dependence, i.e., yo =1,
(0) 4 e

- Ne =M =1, ./ =mn,and

(234)

- we set m = me = 0 in the momentum balance equation (i.e., neglect

of electron inertia),

-1 oxn
en BV 4kgTodin =0 =  e0, @1 = kT, = =
—9,®()
(DEBYE screening).
e Expanding for small e®() / (kgTe)
S engd)
T TG T,
we can directly read off
0 _ (1) _ eng®
ny = no, ny = oTo

e This allows to get rid of ®(1) in (234),
anoui(l) = k (kgTe + 3kgT;) ni(l).
)

o ui(l) can be expressed in terms of n; ’ using continuity,
oD 1) _ 1 _ @ @

so that

k2
w2 = M (kBTe + 3kBTi) .

n=np eeq>(1)/(kBTe)

(235)



68 PLASMA AS FLUID

e For T,/ T; > 1 follows
w? ~ kK*C?,

i.e., we recover (206), (208) in the long-wavelength limit kz/\zD < L

4.3 ONE-FLUID EQUATIONS

e Let us add the continuity equation (226) for electrons and ions (each
multiplied by the respective mass),

ot (mne + Mn;) + V - (mneue + Mnju;) = 0.

e Introducing the total mass density

om(xr,t) =Y meng(r,t) = mne(r, t) + Mn;(x, t) (236)

and the center-of-mass velocity

_ Yomeng(x,t)ug(r, ) mne(r, t)ue(r, t) + Mn;i(x, t)ui(r, t)
R T R e

(237)
this becomes

Otom(t,t) + V- [om(x,£)U(x, t)] = 0. (238)

o If we add the continuity equation (226) for electrons and ions after mul-
tiplying them with their respective charge g = —e, g; = ¢,

ot(—ene +eni) + V- (—eneue + enjuy) =0,
we obtain, with the total charge density
p(rt) =) qone(x,t) = elni(x,t) — ne(x, )] (239)
(%
and the total current density

j(r,t) =Y qong(r, t)ug(r, t) = —ene(r, t)ue(r, t) + en;(r, t)ui(r, ), (240)

the “usual”

9ip(r, )+ V -j(r,t) =0]. (241)
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e Deriving the one-fluid EULER equation is a bit more cumbersome. The
collision terms for collisions between electrons and ions have to cancel
each other in the center-of-mass frame.® Expressing everything in terms
of pm, p, U, j, and

P(r,t) =) PSM(r, t) = PSM(x, ) + PM (1, 1), (242)

POV (y, ) — %mg [Eolv - U]y - U OlE (e v ) (43)

(U inside instead of u,) we find the EULER equation [suppressing all
arguments (r, t)]

pmtU + pU-VU = pE+jxB—V-P|. (244)

Derive (244). It may be quicker to restart from taking the 1st moment of
(210) (but smuggling-in U instead of u) instead of rewriting the sum of
the two-fluid EULER equations in terms of py;, p, U, j, and P.

4.3.1 OBM’s law

e Multiplying the EULER equations for electrons and ions (227) by q,/m,,
adding them, and expressing as much as possible in terms of p,;, p, U, j,
and PSM yields generalized Oum’s law

%+ V- (Uj+jU-UUp) = (24 2)E

_ (245)
)i<®

where

, (246)

with v an average collision frequency.

81f there are collisions with a third species, e.g., neutral atoms, a dissipative term survives,
however.
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e The relations between v and the electrical resistivity y and conductivity o

are
vm

N = (247)

S| =

nee?’
e As required, in a static, uniform, neutral, unmagnetized system only
2

= (M y Y En e
V) e<m+M  om

= j =0E, (248)

remains.

4.3.2  Magnetohydrodynamics (MHD)

e The set of one-fluid equations (238), (241), (244), and (245) is still quite
involved (and, in fact, contains as much information as the set of two-
fluid equations). Further simplifications are possible under certain cir-
cumstances:®

— If phenomena on length scales L > Ap are studied, quasineutrality
and the continuity equation require that

Pe=fPic1 = v.j=o.

Pe

— From our study of drift motions in chapter 2 we expect that in a
magnetized plasma the assumption ne = n; is only valid on length
scales larger than the biggest LARMOR radius and on time scales
large compared to the biggest inverse cyclotron frequency,

TLi

I <1, Twe; > 1.

— If phenomena on large length scales L (and slow time-scales T)
are considered we have because of the MAXWELL equation V x B =

Hoj + po€od:E ~ poj thatj x B ~ BTZ, which may allow for neglecting

9 Going through all the possible cases without a concrete problem at hand is a little bit too
much of dry swimming for a lecture. We therefore restrict ourselves to a few important
aspects.
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the j x B compared to the p,, U x B-term in OuM’s law (245), leading
[with the otherwise same assumptions that led to (248)]

j=c(E+UxB). (249)

This can be easily understood, as E = E + U x B is the LORENTZ-
transformed electric field “seen” by the moving fluid element in its
rest frame.

— If 0 — o0 Oum’s law reduces to
E+UxB=0. (250)

— In perturbative calculations often U®) = 0 in a properly chosen
system of reference so that terms ~ U- VU or ~ V -jU etc. are of
second order and thus can be neglected.

— Terms ~ m/M can often be neglected. This then implies p,, ~ Mn;.

— If collisions between particles of species ¢ are frequent enough on
the time-scale of interest, the assumption of an isotropic pressure
may be reasonable, ie., V- Py ~ Vp,.

e Let us summarize now the simplified set of one-fluid equations, the so-

called MHD equations
Opm+ V- [pwU] = 0,
pman = ] X B — Vp,
E B — ui Vpi
E+UxB = 17]—1—(%), (251)
V x E = —Btﬁ,
V x B = }10]

e The term in the bracket, an i is often not included in the set of MHD

equations but we keep it for the examples below.

4.3.3 Properties of MHD plasma
e In a stationary situation the momentum balance eq. in (251) reduces to
jxB=Vp, (252)
which implies that Vp is perpendicular to both j and B.

™In NAVIER-STOKES theory this is quantified by the REYNOLDS number.
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In other words, magnetic field lines and charge density currents do not
pass isobaric surfaces. One may as well state that the magnetic field lines
define a magnetic surface, which equals an isobaric surface, and charge
currents do not pass this surface in a stationary setup.

The field lines on such a surface do not need to have a constant density,
i.e.,, B is, in general, not constant. Instead, we have

— _ — 1 _ — _
1oj x B= (V xB) xB = —EVBz+B . VB = 1oVp. (253)

) . R
Hence, on an isobaric surface %VB =B - VB.

A current j | perpendicular to B only flows if the pressure gradient does
not vanish because from (252) follows

. BxVp
]L: B2 °

Consider the following setup, which explains the microscopic origin of
a net current without mass transport:

(@ -
(00),

low density

A net current j remains after averaging over the cyclotron motion be-
cause there are more plasma particles in the higher-density region than
in the lower-density region. This current is perpendicular to both B and
Vp, i.e., it flows on an isobaric surface perpendicular to the magnetic
field lines.

Note that there is a net j # 0 despite a net U = 0, i.e., we have no mass
flow but nevertheless a current.
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Consider a stationary, current-free, magnetized plasma with constant
pressure. Show that, with an electric field E present, a net mass flow

UL =% (254)
across a magnetic field is possible.
e This is the opposite situation: mass flow U without current j.
e This is also a method to generate an electric field E = —U x B from a

plasma that flows through magnetic field lines, i.e., kinetic energy of a
plasma is converted to electric field energy.

e From (253) follows

_2 — —_
B B-VB
VI p+ = : 2
(P 2ﬂ0> 0 (255)

If the right hand side vanishes'* we have Vp = _21%v§2, which shows
that magnetic fields exert pressure on plasma.

4.3.4 Equilibrium pinch

e We are looking for a solution of the stationary MHD equations where
the magnetic pressure balances the particle pressure.

e Consider the cylindrically symmetric setup of a plasma column for r <
R, no external fields, and a uniform current density in e,-direction,

j = jzez.

o We expect an azimuthal magnetic field B, (r)e,. It is easy to check that
the LORENTZ force on the plasma particles acts inwards (for both g > 0
and g < 0). Hence we expect a contraction of the plasma column until
the magnetic pressure ~ B? is balanced by the thermodynamic pressure
p. In the following we are considering this time instant of idealized,
perfect balance so that we can use the stationary set of MHD equations.

HAs it does, e.g., for B = B(x,y)e;.
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e In steady state egs. (251) become

1
;ar(rpmur) = 0, (256)
dp = —j:By, (257)
1 .
E, — UZB(p = e_narpi/ Eq) =0, E;=71j; (258)
1 .
~0r(rBy) = piojz- (259)
e The last equation gives, upon integration,
1. 1 R%2,
By(r) = SHorJz r <R, By(r) = SHo—Jz r > R.
(260)
e The second equation gives the pressure p(r) = —}L,uorzj% + const. Be-
cause p = 0 for r > R we have
p(r) = %Lyo(R2 -2 r<R p=0 r>R
e From (257) and (259) follows
1 1 1 1 1
= —B,— = -B>— —B,—9,B, = —B3— — —9,B>.
i B(Pﬂorar(rB(P) Puor  Tpo 7 Puor  2pp 7
Employing (260), for r < R, we may write
1 1
2 L _p L.
50 har ~ Dol
and, using (259) again
1 1 1 1 1 1
2 4 _pts_p L _R2_- 4 T o B2~ _
% Hor Poalz B(Pzﬂofar(qu)) Bq)zﬂof " dpg 0 ~ P 2uor
so that ,
_ 2
arp — _%arB(P
and thus

1
p+ V—Bfo = const.
0

Show that this result is consistent with (255).

1
40

—9,B2.



4.3 ONE-FLUID EQUATIONS 75

e The pressure on axis

-
p(0) = JHoR?f2

defines the equilibrium radius of the pinch

1 /4p(0)

R:,—
]z Ho

e The current is (assuming p(0) = nekpTe + nikgTi = 2nkgT)

] — janz _ 81’lkBT TR — 87TNngT,
Ho \/ Ho

where N, = n7tR? is the number of electrons (or ions) per meter. In
order to get an idea about the orders of magnitude involved one may
write this as

I[A] = 5.7 x 107% (N [m )12 (kg T[keV])'/2.

e We have not made use of (256) and (258). The assumption in the above
derivation was that j, =const. This may not be a good assumption. In
fact, different solutions are found for other assumptions:

Show that under the assumptions j, = —enue,, e, = const, Te = const,
T; = const, the density profile of the pinch is
n(r=0)

e

and determine the constant b.

4.3.5 Magnetic and electric field dynamics

e The momentum equation (251.2), together with (251.5), gives

pmotU = VL(V x B) x B—Vp|. (261)
0

As (VxB)xB = (B-V)B-— %VFZ, the first term on the right hand
side acts on the plasma in such a way to make the magnetic field
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lines as straight as possible [(B - V)B-part] and exerts magnetic pres-
sure (—%VEz-part).
The curl of OuM’s law (251.3),

VXx(E+UxB) =V x {qi—l—(ﬁ)},

efle

leads to [using (251.4) and (251.5)]

—6t§+Vx(Ux§):1Vx(Vx§)

Ho
_ _ _ _ _ 1 _
~ —atBJrU(Y\O-/E)—B(V-U)+(B-V)U—(U-V)B:U—PIO[V(Y\(;/_];)
N %VZE—BBZE(V-U)—(E-V)U+(U-V)§. (262)
0

This is the equation of motion for the magnetic field.

The equation of motion for the electric field is obtained by taking the
time-derivative of OHM’s law (251.3) (neglecting the pressure term) and
using FARADAY’s law (251.4) and AMPERE’s law (251.5),

atﬁ—f— at (U X E) = T]at]

_ - 1 = 1 = oo
= oE+0;(Ux B) = (T_Plov x (VxE)= o [V(Yp:]j) V-<E|
= |aE- L VE=_aUxB)| (263)

OHo

Writing this as
— 1 —
HE = —V’E
(% Ho
with E = E + U x B shows how the electric field in the rest frame of a
fluid element is related to the second derivative of the electric field (in
the lab frame) and the conductivity via a diffusion equation.

Equations (261)—(262) are nine coupled equations of motion for the com-
ponents of U, B, and E. Together with an equation of state [V p appears
in (261)] the system is determined.

— V?B]
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4.3.6  Frozen magnetic field lines

e If a plasma is at rest, U = 0, eq. (262) reduces also to a simple diffusion
equation
— 1 —
9B = —V’B. 26
B = (264)
Hence, magnetic fields diffuse in a plasma, depending on the conductiv-
ity o of the plasma.

e In fact, if L and T are the typical length and time scales, respectively,
over which B varies, eq. (264) yields

T = L2oup. (265)

We see: in the limit of infinite conductivity ¢ — oo the magnetic field
does (i.e., the magnetic field lines do) not move through the plasma at
all, as T — co. The magnetic field lines only move with the plasma as a
whole. This phenomenon is called magnetic flux freezing.

e A breakdown of flux freezing occurs during solar flares. Let us follow
a magnetic field line, starting from the solar photosphere, reaching out
into the solar corona, and back to the photosphere. The plasma mov-
ing along the photosphere surface carries along the field lines (or, vice
versa, the field lines drag along the plasma). Now, as field lines may
get more and more intertwined, the magnetic field energy may increase
such that it is ultimately released in an erruption of plasma. As field
lines start slipping, huge electric fields are created that accelerate the
plasma particles.

4.3.7 Consequences of flux freezing

e If a plasma cylinder is contracted (or expanded) radially, R = R(t), (e.g.,
in a z-pinch) we have, because of flux freezing,

B(t)7tR?(t) = const,
and because of mass conservation
0 (£)TR?(t) = const

so that

=const  (perp.)
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where ‘perp.” refers to contraction/expansion perpendicular to the sym-
metry axis.

e Now consider a contraction in length ¢ = /(t) along the symmetry axis.
In this case

B(t)

B(t) = const, |, (t){(t) = const = om(1)0(t)

= const (para.).

e Finally, in a spherical contraction r = r(t) we have

B(t)r*(t) = const, pn(t)r*(t) = const = B(t) = const (sph.).

o ()
Why is Br? = const?
e The three results can be summarized in
% = const, ® = 1,0,% (266)

for perpendicular, parallel, or spherical contraction/expansion, respec-
tively.

4.3.8  Stellar collapse

e Flux freezing in a spherically symmetric setup should be applicable to
stelar collapses.'?

o First, the collapse of a star to a white dwarf, rgtar = 10° m, ryhite = 107 m,
i.e.
fo, =10°,  fp=10%

with f, or fp the factor by which the mass density or the magnetic
field changes, respectively. Hence, if the initial magnetic field of the star
was 1072 T (a typical value) the white-dwarf field will be 10? T, which is
observed.

o If the star collapses to a neutron star of rneutron = 10* m, we get fp = 1010
and thus Breutron = 108 T, which is also observed.

"The following examples are taken from KuLsrUD's book.
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e Equation (265),
T = Loy
allows us to estimate whether the flux-freezing assumption makes sense

to apply to a stellar collapse. To that end we need an estimate for the
conductivity. A simple expression for the resistivity'3 reads (SPITZER)

1 e?ml/?

o 1T (ame)2(kyT)3/2

In A, (267)

with In A the CouLowms logarithm. The latter is only very weakly depen-
dent on the plasma parameters. In fact, it changes only by a factor of
2 as density and temperature vary over 12 and 6 orders of magnitude,
respectively. Using

n[Qm] ~ 1073 (kgT[eV]) ~3/2

we obtain
7[s] = 1.3 x 1073 (kg T[eV])*>/%(L[m])>.

e Consider in the white-dwarf case kgT = 10%eV (T ~ 10° K), ryhite =
107 m, which leads to T ~ 107 3t23/2+7245 — 10l4g = 3 x 10° y. Hence,
flux freezing is applicable, as the collapse time is much less than 3 x
10%y.

The collapse to a neutron star typically occurs on the time scale of sec-
onds. Is the flux-freezing assumption satisfied there as well?

e We considered flux freezing during the collapse of a star to a white
dwarf or a neutron star, as in these cases we begin with a plasma in the
tirst place. If initially neutral, non-ionized matter collapses gravitation-
ally to form a star, the situation is different and the MHD equations not
sufficient. An estimate for T would give huge diffusion times and thus
would suggest that flux freezing should be valid. An increase of the
magnetic field by fz = 10'® (starting from Bipgerstelar = 10710 T) would
be predicted when a protostar collapses to a star.

4.3.9 Solar wind interaction with the earth’s magnetosphere

e Both solar wind and the earth’s magnetosphere are magnetized plasmas.

13To be derived later, in the context of collisions.
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Why does flux freezing explain that our magnetosphere shields the
earth from the solar wind plasma?

e The solar wind deformes the magnetosphere on the sun-facing side
[magnetic pressure ~ B2, (255)].

e On the “downstream” side an elongated cavity is formed.

e However, observations have shown that flux freezing is not strictly valid.
There is magnetic reconnection, allowing the solar wind’s magnetic field
lines to attach and detach from the magnetosphere field lines.

4.3.10 Model for magnetic field line slipping

e We saw above that for infinite conductivity o — oo (i.e., vanishing resis-
tivity #7 = 0) the magnetic field lines are carried along with the plasma,
at speed U. In plasma of zero conductivity (i.e., infinite resistivity) mag-
netic field lines “slip through” or, changing the reference frame, such a
plasma slips through a fixed magnetic field without drag because induc-
tion is negligible. At finite resistivity we expect something in between
dragging and slipping.

e Consider the following model system:

In the middle between two walls there is a plasma sheet of finite resistiv-
ity # and thickness 24 (in y direction) streaming with fluid velocity Uy in
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x direction. Between the plasma sheet and the wall (i.e., d < |y| < d+ D)
there is a thin, low-pressure, 7 = 0 plasma at rest, U = 0 (in which flux
freezing is ideal). The entire system is planar, i.e., translationally invari-
ant in x and z direction, so that all derivatives dy, 9, of any quantity
must vanish.

o If # was vanishing in the moving plasma sheet as well it would drag
along the magnetic field lines forever, giving rise to an infinitely large
By-component. We are looking for the stationary solution at finite 7.

e We expect the transient dynamics up to the point where everything re-
mains stationary to be as follows. When the plasma sheet starts mov-
ing it drags magnetic field lines with it until j, due to AMPERE’s law,
increases so much that, in OuM’s law #j becomes comparable to the
U x B-term.

e Because of the symmetry of the problem we have

e In regions where 77 = 0 we have from OaM’s law
E=-UxB = E=Ee, E =-UB,=0
e AMPERE’s (251.5) law yields

Plo]Z — _ayBx.

If we assume that the current is neglibly small in the low-density plasma,
we have

X
By =~ const = HFBBO for d<|y|<d+D,

where the upper (lower) sign is for y > 0 (y < 0).

Inside the plasma sheet where 17 # 0 we have with FARADAY's law (251.4)
dyE; =0 = E, = const.
In order to match this to E; = 0 outside the plasma sheet we have
E.=0

everywhere.
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e Hence, the z component of Oum’s law reads
UxB)-e = UB, = 5j. = —9,B
( X )ez— xby = 1]z = ‘uoyx-

Since By drops from XBy/D at |y| = d to zero at y = 0 and U, increases
from 0 to Uy, respectively (while B, = By = const), we may estimate this

as
X
<B
U()Bo =~ i D—O
po d
e The “drag distance” thus is
D
x - o dﬂo’
Ul
i.e., independent of By.
e As Uy is a velocity,
Dd
o= 2 Ddoug

is the relevant diffusion time, which is of the form (265) if we put L =

vDd.

o In the rest frame of the moving plasma sheet we have the electric field

E’:Uxﬁijzz—%ayBx

driving the current j according to Oum’s law.

4.3.11  The Jupiter-Io connection

e Synchrotron radiation has been measured from Jupiter. The radiation
was found to correlate with the orbiting of the inner moon Io around
Jupiter. In fact, the synchrotron radiation is emitted perpendicular to
the magnetic field lines connecting Jupiter with Io. The spectrum sug-
gests that the radiation originates from keV electrons, which raises the
question how these fast electrons are generated.
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synchrotron radiation
to earth

Jupiter

e As Jupiter rotates faster (10 hours) than Io revolves (43 hours) the mag-
netic flux lines would wind up around Jupiter if flux freezing was per-
fectly valid in both Jupiter’s and Io’s ionospheres. In fact, in each revo-
lution the magnetic field would increase by 1.2 x 1073 T.

e Jupiter’s ionosphere has a lower conductivity than Io’s. Hence the flux
lines slip along Jupiter’s surface, and thus Jupiter plays the role of the
resistive plasma slab in the above model.

e Of course, in the Jupiter-lo connection problem the geometry is very
different from the planar setup above. However, we found in our model
that a j, is generated inside the plasma slab. In the Jupiter-Io system
the corresponding current is responsible for the emitted synchrotron
radiation.

How?

4.4 WAVES IN PLASMA

e We encountered already LANGMUIR and ion-acoustic waves. In this sec-
tion we want to investigate other important examples for waves in a
plasma that are accessible to a linearized fluid description.

e Electromagnetic waves are of particular interest because they provide
the possibility to interact with and manipulate plasma in actual exper-
iments. In fact, electromagnetic waves are used to compress or heat
plasma, and to diagnose it.
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4.4.1  Field-free cold plasma

(] Ifﬁozﬁozuolgzoand

A

El = El (l') e_iwtl B, (I') e_th/ (268)

—iwt ~

Ny = ngg + iy o (1) e ’ y,,(r) e—iwt, 240”0,0 =0, (269)
o

the linearized two-fluid equations (226)—(231) for a cold, collisionless
plasma (i.e., Vp, >~ 0) become

—iwfy e + 10,V -1, = 0, (270)
100«

—iwngly,, = o0, (271)

Mg
VxBi = po) qonoctie—iwpoeoks,  (272)

o
eV-E1 = ) qofirg, (273)

o

VxE = iwB. (274)

e Combining (271) and (272) yields

2 2
A qoNo,c . £ . doeMoo |\ ¢
B e v 7 E — 1 _ ) E
V x By (Plo; ~iwom, lwﬂoe()) 1 lwpo€o ( 2 w2€0m0> 1
> mng;(Ze)?
w wp M’Z R ~
— e |1- | P | )
2
) w mZ .
= —iwpoe (1 -2 h+ 22 D B, (275)
(@)
where
Je = —¢, 111 - Ze/ nO,e - Z”O,i (276)

with Z the ion charge state.

Hence we find the dielectric function of a field-free plasma to be

2
e(w) = ——p{ler—Z]ﬁl—&- (277)




4.4 WAVES IN PLASMA 85

Compare this result with the expression we obtained for the dielectric
function D(k,w) eq. (193). How do you get from (193) to (277)?

o Taking the curl of FARADAY’s law (274) and using /€gjip = 1/c we obtain

. w? .
V xV xE = C—ze(w) E;, (278)

which is a wave equation for the electric field component of an elec-
tromagnetic wave. € — 1 gives the “usual” electromagnetic waves in
vacuum.

e We know that the zeros of the dielectric function tell us the eigenmodes
of the system. Here, we find once more a resonance at w ~ wp. The
finite ion mass gives a small correction.

e We do not find Bonm-Gross or the ion-acoustic resonance because of
the cold-fluid assumption (i.e., no pressure terms). This is valid as long
as ¢ > vy, with k™1 the length scale of the plasma perturbation consid-
ered.

e With a wave ansatz E;(r) = e**E (278) gives
2

~kxkxE= c;J—Ze(w) E, (279)
which, for
k = ke,,
reads
w? — }23 — k2c? 0 0 E,
0 w?* — wj —k*c? 0 Ey =0. (280)
0 0 w? — wl% E,

e Two of the three solutions to this equation corresponds to electromag-
netic waves and will be discussed below.

e The third solution

Ex=E, =0, E~e®& =B =0 o =u}

corresponds to the LANGMUIR-wave result for T. = 0, i.e., only oscilla-
tions, no propagation.
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Collisional damping

o If we account phenomenologically for collisional damping by introduc-
ing a collision frequency v into (271) for the electrons,

e A e N

A

—iwily e = _EEl — vl e = e = ————<F

we obtain instead of (275)

. o 2

N 1€ n()e . & . wp
VxB = (pg—2 0 B = 1-—P |
B <‘MO ((U + IV)m 1WV0€O) 1 lwyoeo < CU(CU + 11/))

so that the dielectric function

is complex.

Show that the eigen oscillations w determined by e(w) = 0 are damped.

Drifting field-free cold plasma

Consider a cold electron fluid that drifts with the velocity uge = ug.e;.
The neutralizing ions can be treated as an immobile background. Con-
sider perturbations ~ el(**~@!)_ Show that the linearized fluid equations
yield the expected dispersion relation

(w — kug,)? = w? (281)

5
Why is this expected?
e Note that a non-propagating plasma oscillation in the average rest frame

of the drifting electrons corresponds to a propagating plasma wave in
the lab frame.

4.4.2  Electromagnetic waves in cold plasma

e The other two solutions of (280) correspond to electromagnetic waves
where E; is perpendicular to k and By, i.e., to electromagnetic waves in
a dielectric medium.
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e The dispersion relation for these electromagnetic waves in a cold plasma
reads

w? =K%+ wlz, . (282)

Draw a plot w/a)p Vs kc/wp.

Show that for the group velocity in a cold plasma v, = dyw < ¢ holds
but for the phase velocity vy, = w/k > c.

What is the energy flux S of such a wave, i.e., how much field energy is
transported per time through a unit area element?

e For w < wp we have

1 i
_ 2 52 — 2 2
k—z,/w wp—C,/|w wp|. (283)

Hence, fields cannot propagate. Instead, they are damped ~ e** =

e~ Iklz, This fact can be employed for diagnostic purposes.

4.4.3 Electromagnetic wave impinging on a plasma boundary

e Consider the following setup where a plane electromagnetic wave im-
pinges from the vacuum side perpendicularly’* onto a plasma bound-

ary:
z=20
E incident
J—sz S
B, 8
o
/
reflected EW , E
_
Sl

™ The case of oblique incidence can be also treated but is more cumbersome. The electric
field may (in so-called “p-polarization”) or may not (in “s polarization”) have a component
perpendicular to the vacuum-plasma surface.
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Choosing

. Env .
Ex = Eg €7, k%c2 = w?, = B, = =0x gikoz
c

and making an ansatz for the transmitted and reflected waves yields

E, = REye ™, B = REOx o=k
c
. E .
k 0 k
EY = TEp "%, By = Tw/;p el"p%, k%,c2 = w® — w%,
where ek ok
R=-0_"P T=_0 (284)

are reflection and transmission coefficient, respectively.

The reflection and transmission coefficients are determined by
MAXWELL’s equations, which require the tangential component of the
electric field to be continuous and the tangential component of the mag-
netic field to jump by the surface current density.

For w > wp the plasma is called highly underdense and transparent,

For w < wp the plasma is highly overdense, kp — ico, T = 0, R = —1.
The plasma boundary acts like a perfect mirror.

For w < wp eq. (283) gives
.Wp
k=i—
c

which means that the evanescent wave decays over a length

0s = w—p , (285)

which is called the collisionless skin depth. The interior of a plasma is thus
shielded from radiation of frequency w < wp.

For w = wp we have kp, =0 and thus R=1,T = 2.

The so-called critical density n. is defined as the electron density for

which w = wp. Calculate the critical density for (a) 800-nm laser light,
(b) 2-mm to 3-cm microwave radiation. Which laser wavelengths are
needed to shine through a piece of aluminum? Estimate the skin depth
of 800-nm laser light in aluminum.
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4.4.4 Field-free warm plasma

Show with the help of the linearized two-fluid equations that for cold
ions but electrons obeying an equation of state p/n" = const the dielec-
tric function

2 2

“pi “pe

€(w/k) =1- w2 (wz — kz’)’kBTe/m)

(286)

(with wp i and wp e the ion and electron plasma frequency, respectively)
results.

Show that the roots €(w, k) = 0 comprise both the Boum-Gross disper-
sion relation (for the 1D adiabatic choice v = 3 for the electrons) and
the ion-acoustic wave dispersion relation (for the 1D isothermal choice
7 = 1 and neglect of a small term).

e Remember the condition for the fluid description to be valid: kA2 < 1,
so that thermal particles do not travel a wavelength or more in one
oscillation period.

4.4.5 Magnetized plasma

e We study again the linearized two-fluid equations but now allow for

BO = B() €.

e Equations (270)ff are then the same as before apart from (271)

—iwfly ; +19eV -1, = 0, (287)
—iwng i, = ‘7(;22"’ (By + 1,5 x By) (288)

VxBr = mo ;QUHO,Uﬁl,U —iwppeoky,  (289)

eV - B = ;qgﬁw, (290)

V X El = iwﬁl. (291)

e Because of the breaking of the isotropy due to the magnetic field in z
direction the dielectric function becomes a dielectric tensor e(w).
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e Forcing AMPERE's law to assume the form

A

V x By = —iwpoep e(w) - By

one finds in a straightforward but cumbersome calculation

€1 iep 0
€ (w) = —i€ep €1 0
0 0 €3
with
2 2
_ Wpe “p,i
er = 1+— 2 2 27
Wee —W™ W —w
2 2
c . wcle wp,e o wC,i szl
2 = 2 _ 2 2 _ 2’
W Wie—w W wi—w
2 2
_ Wpe  Wpi
€3 = 1-— 5 3
w w

(292)

(293)

(294)

(295)

(296)

where w¢e = eBo/m and wcp = ZeBy/M are the electron and ion cy-

clotron frequency, respectively.

e There are resonances in €; and e, when w? = w%/e or w? = w?; (cyclotron

resonances) which may be employed to heat the plasma particles.

e The wave equation (279) now reads

L W N
—kxkxE:?g(w)-E
and can be written as
. A w? .
or
N 1 N 1 .
with
kc c
n—-—— —
Vg

the refractive index of the plasma.

(297)

(298)
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o Let us take, without loss of generality, k in the yz plane. Let 6 be the
angle between k and the z axis,

k
— =cosbe; +sinbey.

k
Then
Ey | —(cosOE, +sinbE,) [ sinf | == | e, —ierEyx
A n A
E, cos 0 e3E;

which results in the homogeneous matrix equation

1—e1/n? —iey/n? 0 E,
iey/n?  cos?0 —e;/n* —sinfcosb E"y =0. (299)
0 —sinfcos® sin?6 — e3/n? E.

Show that the requirement for the determinant to vanish leads to the
APPLETON-HARTREE equation

(1/n?> —1/er)(1/n> —1/er)

tan®6 = — > T
(1/n2 —1/e3)[1/n> - 5(1/er +1/€1)]

(300)

where eg = €1 + €2 and €1, = €] — €.

e The ArPLETON-HARTREE equation equation can be used, e.g., to calculate
the refractive index n for a wave of frequency w traveling under an
angle 6 with respect to By in a magnetized plasma of electron plasma
frequency wy, electron cyclotron frequency w etc.

High-frequency waves propagating parallel to Bye,

e For w > w.iand 6 = 0 eq. (299) becomes

1—e1/n? —iey/n? 0 E,
ier/n?  1—e1/n? 0 E"y =0 (301)
0 0 —63/712 Ez
with
2 2 2
w w w w
p.€ ce p.€ pe
eg=1+ , € = , e3=1-— .
1 w?, — w? 2 w w2, —w? 3 2

ce ce
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e For the solutions corresponding to waves propagating parallel to Bpe,
(where E, = 0) the upper left 2 x 2-subdeterminant must vanish,

(1—e1/n*)?—e/n*=0.

This gives
n? = +ey + €] = €RL
where
2 2
w w w
erL =14 s (1258 ) =1 - — PO
Wee — w w(w + wc,e)
and thus
wf, .
K.o2=w?|1-——P |, 02
R,L w(w ¥ wc,e) (3 )

e With these solutions (301) yields
€1 A . €2 A
1-— Ey — E, = 0,
( eli—eZ) Tl e Y

. 62 A 6]_ A
E 1-— E, = 0,
Y te x+< (—:1:|:<—:2> Y

i.e.,

o This justifies our notation using subscripts R, L, indicating right and left
circularly polarized electromagnetic waves

Egp(r,t) = E elfriz=wt) (e, + e, ) |. (303)

Indeed, for, e.g., a real E this is

_ . t—k
Bou(nt) = E < cos(w RLZ) ) )

+ sin(wt — kR,LZ)

and one can easily convince oneself that the upper (lower) sign describes
a right (left) circularly polarized wave (looking in propagation direc-
tion).

e The dispersion relation (302) is shown in the following figure.">

'50nly the branches in the first quadrant w, k > 0 are shown.
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W

kc

%)

w1
w

c,e

e The two branches of the right-polarized electromagnetic wave (indicated

'R’) approach wce and ke, respectively, as k — co. For w — 0 the lower
branch is not plotted, as we assumed w > w.;. The upper R-branch

goes to
_1 / 2 /o2
W2 = 5Wee ( 1+ 4wg/wee + 1) (304)

e The branch of the left-polarized electromagnetic wave (indicated 'L’) ap-
proaches also kc for k — oo and

1
W1 = S Wee (, /1+4w3/wEe — 1) (305)

for k — 0.

for k — 0.

e There are no electromagnetic waves parallel to Bype; in the (gray-shaded)
band wee < w < wy.

e Only left-polarized electromagnetic waves can propagate in the band
w1 < w < wyp.

e For wp > wce we have

1
Wi = Wp + Ewc,e — Wp

and we recover the usual criterion w > w), for electromagnetic waves to
propagate in plasma.
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e For w > wy both left and right-polarized electromagnetic waves can
propagate. However, they do so with a different speed because of their
different dispersion relation. This leads to so-called FARADAY rotation of
the polarization vector of a linearly polarized electromagnetic wave as
it travels through a magnetized plasma along Bye;.

Why?

e For
wcli < w << wC’e

only right-polarized electromagnetic waves can propagate and (302) be-
comes

kR ~ T wc,e, (,Up = (Up,e
so that
ke \?
wk)=—] Wee, k = kg. (306)
Wp

e Both group and phase velocity go ~ k ~ y/w, which means that higher
frequencies travel faster.

e This effect is observed for electromagnetic waves traveling along the
magnetic field lines of the earth in the ionosphere, so-called whistler
waves.

An initial broad-band pulse of electromagnetic waves may, for instance,
be generated by lightning on the earth’s northern hemisphere, the fre-
quencies in the whistler mode range propagate along the magnetic field
lines in the ionosphere. The high frequencies are detected first by a re-
ceiver on the southern hemisphere, the lower frequencies later. Several
returns after reflections back and forth in the ionosphere have been mea-
sured. Several whistler waves from the same event may travel through
different channels (“force tubes”) in the ionosphere so that the same
event is heard several times on the other hemisphere.

As w must be smaller than the lowest w.e along the way, whistler waves
have an upper limit of ~ 100 kHz so that they can partially be converted
to the audio range by simple loudspeakers.
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Low-frequency waves propagating parallel to Bye,

e For low-frequency electromagnetic waves we have to retain the ion-
cyclotron frequency. In that case we obtain, instead of (302),

2 2 2 2
iy = B g e e (307)
RL = =1- - :
' w? w(WwFwee) w(w=+wei)

Derive (307).
e For a neutral plasma
iw}%’ewcli + wé/iwc,e =0

and thus ) )
Wp e+ Wp

((U + wc,e) ((U + wc,i) ' (308)

2
nR,L—l—

e For w < w.; we find

o We see that for w — 0 there is no difference between left and right
circularly polarized electromagnetic wave. Hence, in this limit a linearly
polarized wave propagates without FARADAY rotation.

e For Z =1, p;, = no(M + m) we obtain with the ALFVEN velocity

By
Va = (309)
A Tiopm 309

the dispersion relation for ALFVEN waves

k kVa
w = = (310)

a1+ vE/e

Show that in first order w/w.; the relative difference between
the ALFVEN velocities of left and right polarized waves is (Var —

VaL)/ VAR ~ w/we;.
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e The velocity of a transverse wave along a string of tension F and linear
density p is V = /7/pu. Comparing this with the ALFVEN velocity (309)
we see that B} plays the role of tension, providing a restoring force,
while the plasma mass density, as usual, provides inertia.

e As B; L By we may think of ALFVEN waves as transverse disturbances
of magnetic field lines that propagate with the ALFVEN velocity along
the field lines. If flux-freezing is valid the perturbed field lines “assume
mass” because of the plasma “attached to them”.

ALFVEN waves in MHD

e It is instructive to try a derivation of ALFVEN waves starting from MHD.
The full set of one-fluid equations was equivalent to the set of two-fluid
equations. However, while deriving the typical set of MHD equations
some terms were neglected. Hence, it is not clear whether ALFVEN waves
are correctly captured in MHD.

e For p = 0 eq. (261) becomes

pmotU = l(V x B) x B.
Ho

e Assuming V - U = 0 '® and infinite conductivity, (262) simplifies to
9B=(B-V)U— (U-V)B.
e With the linearization ansatz
B =By +B(r,t), U=Urt),

i.e., By is uniform and constant in time, and Uy = 0, we obtain
1 _ _
pmatUl = —(V X Bl) X Bo,
Ho
3.8, = (B - V)Uy.
e With By = Bye, and solutions of the form

Bi(r,t) = By(z,t) ex + By(z,t) ey, Ui(rt) = Ux(z,t) ex+ Uy(z,t) ey

16\What this means is discussed at the end of this subsection.
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we find
1 — 1
Ho Ho
1 — 1
oUy,(z,t) = ——(V xBqy)yBg = —09;B,(z,t)By,
Pm0t y( ) VO( 1)x 0 0o z y( ) 0
and

0tBy(z,t) = Bpo Ux(z,1), 0tBy(z,t) = Bpd Uy(z, ).

e Taking derivatives we obtain (assuming p,;, = const)

1
a%uX/y (Z, t) — atasz/y(Z, t)BO, azath/y (Z, t) — Boagu_x/y (Z, t)
PmHo
so that _ -
» B}
0 0| Uyy(z,t) =0. 11
_ t Omiio z_ x,y( ) (311)
e The same wave equation is found for the magnetic field,

- 2 B% 2-

0 — —— 07| Byy(z,t) = 0. 12

t omilo 2 x,y( ) (312)

e A solution, e.g.,

By = B sin(kz — wt)
is a transverse wave, propagating along the magnetic field lines of By
with a dispersion relation

Bo

/PmHo

e Hence we find the same ALFVEN velocity as in the two-fluid treatment
above but a dispersion relation that has not the correct vacuum limit
w = kc for py, — 0.

w = Vak, Va = (313)

Why don’t we get the same result as in (310) above?

e It is remarkable that waves can propagate at all in an incompressible,
perfectly conducting fluid. In fact, without magnetic field By there
would be no waves. In order to obtain wave-like solutions without
magnetic field one must not make the incompressibility assumption
V - U = 0 because a restoring force (plus inertia) is required to generate
waves.
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e In general, plasma is not at all incompressible! However, there may be
wave-like solutions which do not compress the plasma, e.g., ALFVEN
waves.

e What has V- U = 0 to do with incompressibility? We say a fluid is
incompressible if a fluid element does not change its density as it moves
along, i.e., if the material derivative of the mass density vanishes,

Do dpm _ .
= +U- Vo, =0 (incompr). (314)
Using the continuity equation (251.1), this can be written as
D
% =—pnV-U=0 = V-U=0 (incompr).

Derive the ion-acoustic wave equation “in the MHD way”. Show that
there is no ion-acoustic wave if one sets V - U = 0.

Waves propagating perpendicular to Bye,

e In this case § = 77/2 in (299),

1— 61/n2 —iey/n? 0 Ex
ie;/n*> —ey/n? 0 E, | =0 (315)
0 0 1—e3/n? E,

e We may choose E parallel to Bpe, (ordinary wave) or perpendicular to
Boe; (extraordinary wave)

e In the “ordinary case” we see from (315) that €3 = n? and, for high
frequencies w” > w; ;, we find the usual

/ 2
w w
kozi_ __I;/
c w

as if the magnetic field By were not there.

e In the “extraordinary case” the dispersion relation follows (again) from
setting the upper left 2 X 2-determinant in (315) zero,

—€1 (nz —el> —e% =0
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w?> w? w w?> 2
s pe 2 pe ce pe _
Yo\ Mae—e)) v a ) =0
ce ce ce

e Solving this equation for k in n = kc/w we find

(wZ _ wZ)(wZ _ wZ)
kgocz = 21 2 : (316)
with (304), (305) again,
42

We,e

wip = Fl+4/1+ 2p
w

ce

e The new resonance frequency

wh = Jwd + w2, (317)

appearing here is known as the upper hybrid frequency.

Where are the “band gaps” here, i.e.,, for which frequencies do no
propagating-wave solutions exist?

e We observe that for w > wy, the refractive index goes to unity.

e The upper hybrid resonance 7% >> 1 occurs when w < wy,.

Show that the extraordinary wave is, in general, not a purely transverse
wave.

o At low frequencies terms with the ion cyclotron frequency can (again)
not be neglected. Making use of w < w, one finds

2 2 2\ (2 2
2 k2C2 . wc,e(wc,i —w )(61 - 62) 8
n=—=- ; . (318)
w W2 [ w? — oo WptWeeWe,i
h celWci —w% iz,

The frequency w = /Wcewc; is called the lower hybrid frequency.
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Show that for w < w,; we have n? ~ e and

2

k2C2 w?= .
2 pA
n=-—=1 (319)
w? wg,i
and thus e
k°V
2 A
w = 20
(1+V2/2) (320)

e This wave is called magnetosonic wave. It propagates | By with mostly
E || k. In contrast, the ALFVEN wave has k || B and E L k, B.

We saw that in magnetized plasma band gaps in the frequency domain
appear. Electromagnetic waves with frequencies falling into the respec-
tive intervals cannot propagate through the magnetized plasma. This
is unfortunate in some situations, in others it is even useful. Think of
examples.

Some numbers

e The following table (values taken from KRALL & TRIVELPIECE) gives
some typical numbers for the relevant frequencies.

no [m,3] By [T] Wp [571] Wee [571] Wei [571]
Interplanetary 100-107 5x1077 5x10* 700 1/3(H)
Ionosphere (80 km) 10° 1/3x107* 2x10° 5x10° 10%(OF)
Ionosphere (100 km) 101 1/3x107* 2x107 5x10° 10%(Oh)

Why is ng higher at 100km than at 8o km?
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e In chapter 3 we postponed the treatment of collisions.

e The ViLAsOvV equation takes into accout only the mean fields E and B,
as we ignored the right hand side of (133) involving the pair correlation
function.

e In the following sections we discuss the treatment of collisions.

5.1 BINARY COULOMB COLLISIONS

o First, let us consider an elementary treatment of an elastic collision be-
tween two charged particles of charges g1, g2 and masses my, mjy, respec-
tively.

e Nonrelativistically,' the classical equations of motion read

- d’ri _ qiga(r — 1)
Var 4meg|ry — 1rp 3’
- d’r, _ qiga(r2 — 1)
> dr2 4rteg|r) — 1|3’
which, when expressed in terms of the center-of-mass and relative coor-
dinates T 4 m
111 212
R=— ==, r=r;—t 21
ea—— 1—1I2 (321)
turn into
dzr qlqzr
- = = 22
Har 47ep|r|3 (322)
d’R
—= =0 2
with
UYL’
e (324)

the reduced mass.

'[e] How would you define a meaningful relativistic center of mass?

101
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e Equation (322) is the equation of motion for a particle of mass y (and
charge, say g;) that scatters at a fixed particle (with charge g») centered
at the origin r = 0.

o In terms of the impact parameter b and the incident velocity vy the asymp-
totic scattering angle x fulfills the relation®

X 7192 7192 1 5
— = — E = — .
tan 2 4meopvdb  8megEyinb’ kin = 519 (325)
Vo
\
@ .
e The flux scattered into a solid-angle ring d()/
do , do .
do = 10 dQ)Y = 10 27tsin xy dy
originates from an incoming flux 27tb db, hence
do do b db

2rtbdb =

2 i = ——-
rtsin x dy RAFTeY siny dr’

dqy

and using (325), we find the RUTHERFORD cross section

2
o (e Y _an ¥,
dqy 87teopv sin® x /2 1671€0Exi, SIN% X /2

e Itis of interest to calculate the momentum transfer due to binary, elastic
Couroms collisions. The incoming particle is deflected by the angle x,
which means that a portion 1 — cos x of the initial momentum is missing
along the incident direction after the scattering event. We thus calculate

2
Q = / (1—cosx)< 1142 >2nsinxd)(
X

min 87'[60]/!0% Sinz X/z

2 See any textbook on Classical Mechanics.
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2
s
= 8 (D112 > / CésX/ZdX
8rreguvg Xmin SINX/2
? 1
— —8n () 20n—
87ten v} sin x /2
Y GV [
4reonvy SiN X'min/2

2

2

A %22 In——,  xmin < L.
drteguvy Xmin

& 7192 :
= / 2sin? x /2 5 27t2sin x/2cos x/2dyx
X 8eopvysin” x /2

Xmin

12

e We see that the result diverges for xmin — 0. This is because of the long-
range nature of the CouLoms potential which causes small scattering
angles up to infinite impact parameters. In fact, with (325) we have for

small Xmin
2 47r€0yv%bmax
Amin q1492
so that ,
4 2h
Q24n<zﬂﬂi>1n<fﬂﬂlﬂﬁ>, (327)
TTEQU Dy 4142

e The logarithm in (327) is called CouLoms logarithm, usually abbreviated
In A.

¢ In a plasma, the particles will not experience a pure CouLoMB potential
because of DEBYE screening, discussed in section 1.1. Hence we expect
that bpmax is of order O(Ap).

o If we estimate for electron-electron scattering or electrons scattering on
singly charged ions (so that |g142| = €?)

13 ~ mog ~ 3kgT

we obtain

e2

InA ~ In ( ) ’ bmax =~ Ap,
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= In (127111/\%)

(127T3ND
In({ ———

yp= ) = In (9Np) (328)

where we used the plasma parameter introduced in eq. (19). As the
plasma parameter equals the number of particles in the DEBYE sphere it
is typically 103-10°. It enters the calculation of the momentum transfer
cross section only logarithmically so that it does not matter much if one
chooses for bmax the DEBYE length or several times the DEBYE length.

e A collision frequency v is obtained by calculating (i ~ m)

7 2
e n
= :4 —l A.
V= nood & (4ne0m> vg "

e For a MaxweLL distribution we have
> (kaT 3/2
(0%) =84/ = (B—) .
T\ m

Ignoring the slow dependence of the CouLoms logarithm on vy we may
use this average value for v}, in that way obtaining

m\3/2 (1 \? net
v=nuQ = (3) <4neo> mi2(kgTyez A 529

e Apart from the prefactor, this expression leads to the SPITZER resistivity
(267) using v = ne’n /m.

e Note the characteristic T~3/2-dependence of the collision frequency. The
hotter the plasma the less frequent are binary collisions.

e The ratio of collision frequency to plasma frequency is

v <7_r>3/2 1 \? netlnA <eom>1/2_ InA
4rtey ) ml/2(kgT)3/2 \ e?n

32(2m)V2A3n
(330)

2

o We see (again) that as long as many particles are in the DEBYE sphere
(and In A is not too large) v/wp < 1, and the plasma is in good approx-
imation collisionless.

3 The prefactor depends on the averaging procedure. However, because of our approximations
in calculating the CourLoms logarithm we are anyway within logarithmic accuracy only.
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5.2 HIERARCHY OF CHARACTERISTIC TIME SCALES

e There are various ways to construct quantities with the dimension of
time. One option is*

Ap 1

T~ @ ~ a)—p (331)

where (v) is again a typical electron velocity.

e Another time is

1 l
T~ " ~ @ (332)

with [ the mean free path. We know from (330) that
<1
if the plasma is collisionless, i.e., ideal.

e Plasma fluid quantities change on a time scale

L L
mNENGS (333)

S

with L the relevant length (e.g., the wavelength of a plasma wave) and
C, the wave velocity, e.g., the sound speed, which is proportional to (v).

e Asin ideal plasmas L > [ > Ap we have

<1< (334)

This hierarchy of the relevant time scales is named after BocoLiusov.

e These times tell us how fast plasma quantities are expected to relax. One-
particle distribution functions relax on the collisional time scale 77, fluid
quantities relax no faster than on the hydrodynamic time scale 7y, while
correlations, i.e., the correlation function G(1,2) and higher-order corre-
lation functions, are expected to decay on the correlation time scale 7
and faster.

4 We are not interested in prefactors of O(1) here, therefore ~.
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5.3 DIELECTRIC PROPAGATOR

e The goal is to derive an explicit expression for the collision term, i.e., the

right hand side of (133). "Explicit” here means "in terms of F’, so that we
have a closed equation for F.

The first equation of the BBGKY hierarchy (133) in chapter 3 reads (all
time arguments suppressed)

{8t+L(1)—/d2V(1,2)P(2)1 F(1) =/d2V(1,2)G(1,2) (335)

where>
L(l) =V 'Vrl +%(EO+V1 X BO) 'vvll
2
nq 1
1,2) = . ]
vz 4regm (vrl b2 —r2|) Vv

F(1) is the one-particle distribution function, G(1,2) is the pair-
correlation function. Remember how they are related to the i-particle
distribution functions f;(1,...,1):

C1) = F1)=f),
G:(12) = G(L2) = £(1,2) - G()G(Q2) = f(1,2) - FLF(),
Cs3(1,2,3) = H(1,2,3) =f3(1,2,3) — F(1)F(2)F(3)
~F(1)G(2,3) — F(2)G(3,1) — F(3)G(1,2),

Here we introduced the three-particle correlation function H(1,2,3).
From the above hierarchy of time scales we expect that

G(1,2)

FEe "N

and hope for
H(1,2,3)

FOE@IEE " N

5 For brevity, we write V(1,2) for one particle species only.
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o If this is true we may cut the BBGKY hierarchy after the second equation
by neglecting the terms involving H(1,2,3) (as we previously neglected
the term G(1,2) when we derived the VLAsov equation in section 3.2).

e Equation (124), expressed in F and G, neglecting H, and with the use of
(335) yields

{at YL+ L) — /d3 V(1,3) + V(2,3)]F(3)] G(1,2)  (336)

—
N—

—/d3 V(1,3)F(1)G(2,3) —/d3 V(2,3)F(2)G(3,

_ %[V(l,z) LV DFQ)EQR),  n=

<z

Derive (336).

e Equations (335) and (336) together determine the time-evolution of the
single-particle distribution function F and the pair correlation function
G.

e The term on the right hand side of (336) makes the equation inhomo-
geneous and thus acts as the source term for correlations to build up.
Otherwise, if it were not there, G would remain 0 if it was 0 initially.

e In order to find a solution for G we introduce an auxiliary quantity,
namely the propagation operator U(1,1’;t — ') from single-particle
phase-space point 1’ at time #' to single-particle phase-space point 1 at
time ¢, and express G(1,2;t) as

t
G(1,2;1) = / dr’ / 42’ / dt' Go(1, 25 #YU(1, 1t — YU(2, 25t — )

(337)
with the initial condition

u(1,1;0) =6(1-1). (338)

The hope is that the equation we will derive for U is easier to solve than
(336) directly.

Equation (337) has a transparent mathematical interpretation: the corre-
lations Gy(1/,2’; ') between particles at 1’ and 2’ at any time t' < t are
propagated by U(1,1";t — ')U(2,2";t — t') to time ¢t where the particles
are at 1 and 2.
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e Or, the other way round: the correlation G(1,2; t) is built up from all cor-
relations that propagated from all other points (hence the integrals over
1" and 2’) starting from all possible previous times (hence the integral
over t' restricted to ' < t, ensuring causality).

e We want to derive an expression for U (and Gp). To that end we plug
(337) into (336),

{at“( )+ L2 /d3 V(1,3) + V(2,3)]F (3)}
x/dl//dz’ /_oo dt' Go(1, 24U (1,15t — YU (2,25t — )
—/d3 V(1,3)F(1) /dz//dS’/t At Go(2',3; 1)U (2,2t — YU (3,35t — ')
/dBV (2,3)F /d3’/d1’/ At Go(3',1;4)U(3,3't — £ )U(1, 15t — ')

/dl’/dz Go(1,2;H)U(1,1;0)U(2,2';0)

Go(l,z;t)

. ot
+/d1’/d2’/ ¥ Go(1, 25 ) [elI(1, 13 £ — )]U(2, 25 — F')

t
+/d1’/d2’/ At Go(1, 231U (1,15t — ), U (2,25t — ')

t
+/dl’/d2’/ dt' Go(1, 23 LU(L, 1t — U225t — F')

- t
+/d1’/d2’/ ¥’ Go(1, 2 YV U(1, 15t — #)L(U(2, 2t — ')

S ot
—/d3 /dl’/dz’/ d¥' Go(1, 25 ) [V(1,3)U(1, s t — £)]F(3; U (2,2 — F')

t
—/d3 /dl’/dz’/ At Go(1, 234U (1,15t — )V (2,3)U(2,2;t — t')E(3;1)

/dsv (1,3)F /d2’/d3’/ At Go(2',3; YU (2,25t — £)U(3,3;t — )

/d3V (2,3)F /d3’/d1’/ d' Go(3', 1;1)U(3,3 ¢ — YU, 13t — F')
= [V(1L,2) + VR DIFQ)FQ).
e The underlined terms give
/dl’/dz’/t dt' Go(1',2'; 1) Hat Y L) - /d3F(3)V(1,3)} ua, 1t — t’)} u@,2;t—t)

/d3V (1,3)F /d2’/d3’/ At Go(2',3; 1)U (2,2t — £)U(3,3';t — ')
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t
/dl’/dz// ¥’ Go(1,2'; Hat+L /d3F } u(, 1’;t—t’)} u@,2;t—t)

/dz’/dl’/ dt' Go(2',1;t /d3v (1,3) (UG, 1t — ) U2, 2t — 1),
(1' ;)

o We see that if U satisfies

{at+L(1) - /dz V(1,2)P(2)] U@, ;e —t) -

—/dﬂdLﬂHUU@JQ%JQ:O

and
Go(1,2:8) = L IV(L2) + VR FLOFED, (4o

eq. (336) is fulfilled.

e Hence we have for (337)

G(12t

t
/dl’/dz’/ ¢ V(1,2) + V(2,1 , (341)
xF(1;¢¥)F(2;Hu(,1;t—tHu2,2t-+)

which is a formal solution for the pair correlation function.®

¢ Note that eq. (339) is a linearized Vrasov equation for U because with F =
Fy + 6F up to O(JF)

[at Y L(1) - /dz V(1,2){F(2) +5F(2;t)}} {Fo(1) + 0F(1;1)}
— [at—i—L(l)—/dZV(l,Z)FO(Z;t)} (SF(l;t)—/dZV(l,Z)(SF(Z;t)FO(l) — 0,

which looks like (339) if we identify Fy — F and JF — U.

Hence, we boiled down our original problem of solving a complicated equation
for G to solving yet another VLasov-like equation for U.

® Only “formal’ because in order to evaluate G(1,2;t) according (341) one needs U and F. But
to propagate F(1;t) one needs G(1,2;1).
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e In order to proceed towards an explicit expression for the collision term

9F
ot

— [d2v(1,2)6(1,2) (342)
C
on the right hand side of (335) we have to make further simplifications.

e For simplicity, let us consider the case without external fields (Ey =
By = 0) so that
L(l) — Vl : Vrl.

e Moreover, we assume a spatially uniform plasma so that

F(1;t) = f(vi;t), /dvi(v,' t) =1 (343)

(and F(1) normalized to the position-space volume V, i.e., [ d1F(1;t) =
V, as it should).

e According to the BocoL1usov time hierarchy we expect f(v; t) to vary on
a slower time scale than G(1,2;t) and U(1,2;t). Therefore we consider
F stationary in (339) and obtain

2 1
0 = [atJrvl.vrl _ 47’;‘2 m/d302f(vz)/d3r2 <v > -Vvl]u(l,l’;t—t’)
0 | —

-
1

. /dz V(1,2)f(v)U(2, 15t — 1)

2 _
- [at+vl-vrl+"q (/d% M) -Vvl}u(l,l’;t—t’)

47T€0m 2 ’1‘1 —1‘2|3

0
- /dz V(1,2)f(v)U(2, 15t — )

and thus

[8t+v1~Vr1]ll(1,1’;t)—/d2V(1,2)f(v1)U(2,1’;t) 0. (344)

e This equation can now be solved for U using the FOURIER and LAPLACE
transform technique as introduced in section 3.3.1.
e Remember (176),

® ot 1 3, _ikr
e(v,p) = /o dt e Pt g /d re g(r,v,t), Re(p) > po

Fourier—transform gy (v,t)
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1 : o
21y /d3r e ikt /0 dt e P g(r,v,t),

Laplace—transform g(r,v,p)

and the inverse

. po+ico
g(r, v, t) = /d3k elk'r/p ’ %eptgk(v,p).

e Since for spatially homogeneous systems U(1,1’;¢) can only depend on
r = r; —r; we introduce the FOURIER-transformed propagator

1 —ik-r
Ui (vi, vist) = 1) /dBf e MTU1,15t), r=r—1] (345)
ue,1;t) = /d3k e (v, Vi;t), r=1 —1]. (346)

e The LAPLACE transform and its inverse read

Udviviip) = [ dte Uiv,viit), (347)
potico d

Ui(vi, vi;t) = / . z_p'eptuk(vlrvll?P)- (348)
po—100 71

e Alternatively, we can write with

p = —iw
u /. . . e iwt /.
k(v1, v —iw) = ; dt e Uy (vy, v t),
ipo+oo d .
U (vy, vist) = / z—we_l“’t Uy (v, vi; —iw).
1pofoo 7T

The analytic continuation of Uy (vy,Vv);p) to Rep < po (where Uy(vy,Vy;p)
may have poles) translates to the analytic continuation of Uy (v, V}; —iw) to
Imw < po (Where Uy (v, v}; —iw) may have poles).

e In order to ensure causality the contour is to be chosen such” that

Ui(vy,vi;t) =0 for t<O. (349)

7 That is, with semi-circles of radius — oo to the right of pg in the complex p-plane or above
ipg in the complex w-plane.
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e For t = 0 the initial condition (338) implies

U (vy,vi;t=0) = rekr51-1), r=r-1,

5 !
%- (350)

e The Fourter-transformed V(1,2) reads

Vi(vy,va) = e ikr % (V%) Vy, r=1-0n
- 47T€0m ek ( kﬁ) Vn
- (2477;)6 47‘(60m/d3 /dBk/ ) ;{1/<2/ Vv
2
= (;UTPP%-VW (351)

where we have used the FOURIER transform of the CouLomB potential.
Calculate the FOURIER transform of the CouLomB potential.

e With (351) we can write

V(l,z) /d3k elk r—r) ;{1; vv1/ (352)

and the FOURIER-LAPLACE-transformed eq. (344) becomes
1 0 _ il (p—
0 = (27_[)3/0 dte pt/dSV e ike-(ry rl){[at‘l’Vl'Vr]] u(]-/].,/t)/ r:rl_r/]/
ik’

_/'d (2 (- rz)kz. vlf(vl)u(z,l’;t)}

. efik-(rlfra)/ dto[e Pt (1,1';1)]
0

1 3, —ik(n-r,) [© —pt .
—(Zn)3/dr e k(n 1)/0 dt[o;e P'U(1,1';t) + rest

= —Uk(V1,Vi,t = 0) + puk(vllvi’ p)
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" <271T i [ dte [ dr vy [en U, 1)

0, assuming U(1,1';t) falls off rapidly enough as r—»oo
27_[ 53 Vi / dte” pt/d3 —ik(r1— r1>]ll(1,1';t)+rest’

= —Ug(vy, v, t =0)+ pUi(vy, vy, p) +ivy - kU (v, Vi p)
v / dt / 4K e *Pflk' Ve f(v1)

/ &y [ & —r) e KOy, 1
= —Uk(vl,vi,t—O) + (p+ivy - k) Uy (v, Vi, p)
v / dt / & e *Pflk/ Vo, f(v1)

/ dry [y —r) e M) @ mmy (2,1
= —U(vy, v, t =0)+ (p+ivy - k)U(vy, vy, p)
- (;f’)sjg.vvl flw) [ don [ate [@(r—r) U )
= —Ux(v1, v}, t =0) + (p+ivy - k)Ux(vy, v}, p)
f);(l; Vvlf(Vl)/dsvzuk(szvi;P)

so that, with (350),

S(v—v)
21)3(p +iv - k)

Ug(v,V,p) = (

ZL . / 3 /.
+CUP kZ(p +iv- k) va(V) d Z721-’[1(("2/‘7 ’ P)
and, with p = —iw
Ui (v, V', —iw) (353)
i5(v—v') pk Vyf(v

A 7P
2n)p3(w—-v-k) K w-v-k /dv2uk(v2, ; —iw).

e In order to solve this equation for U we integrate over v,

/dsv Ui(v, V', —iw) = (27)3( i_v K) /dsvz Uy (v, v'; —1w)/d3 kaj(k)
= /d?’v Ui (v, v 1+ p /d3 k- YV‘{ K ] (zn)3(wi_ v K)

D(kw)
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with D(k, w) the dielectric function (180)%

e Hence .

1 (354)
(27)3(w — v - K)D(k, w) 354
and therefore, with U = (271)3Uy and (353)

/d3v Uy (v, Vv, —iw) =

w2
i5(v—v') igk-Vyf(v)

Uilv, v, =i0) = K T o v (@ v D) | 85

This is the so-called dielectric propagator. The first term is the free prop-
agator, the second term takes CouLoMB interaction in first order? into
account.

5.4 COLLISION TERMS

e Now we have all the prerequisites to continue with (341),
G(1,2;1) /cn//dz'/ ¢ V(1,2 + V(2,1)]
F(1;)F@28Hu@, 1t —)u,2;t —t)
e The FOURIER transform reads, with (343), for

Gk(V1/V2/t - 0) - Gk(v1/V2)

G (v1,v2) = 31<21n)3/d3(r1 _ ) e ikmnn) /dl’/dz’/ V(1,2) + V(2,1)]

x f(vi) f(v)U(L, 15 —)U(2,2; —t')
- i(zi)S /d3(r1 — 1) ek mr) /dl’/dz’ /000 dtv(1,2) + V(2,1)]
x f(vi) f(v)U(1,15)U(2,2t)

(r —rz)e’ik'(rl’rZ)/dl'/d2’/ dt
0

‘k/ 1/ / / 1./ J /
x /d?’k’;c7 (e TR, 4 e K TRIY | £(v)) (V) U (L, 15U (2,2'5t)

8 Here written for one species ¢ only.

9 'First order’ in the sense O(Np 1), i.e., the BBGKY hierarchy is cut after the second equation,
in which H(1,2,3) = 0 is set. Moreover, we assumed that F is slowly varying compared to G
and U.
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(rh—r2) ke (1 = rZ)/d3r’1/d3v’1/d3r’2/d3v’2/0 dt

k ! 1./ J J
/d3k’;{/2 (MR, 4 e KRV £(v)) £(vh)

X /d3k/,/d3k"/ el (1) e " () (v, Vi ) U (vo, Vi t)

(r—ra)e e [@r [aof [ [dop [ ar
% d3k// d?)k/// d%/% . efik” T 1k”’ ’[ ik’-(rﬁfré)v ,+ efik’-(r’lfré)v /]
k2 Vi V2
X eiku'” _ikm'mf (V1) f (Vo) Uier (v1, Vi ) Ui (v2, v )
(r—r)een) [y [ o) [y [0 [t [k
0
y / d3k/// / d3k/;<lf2 [ KK G KK g i (K i ()
X eik”'rl e KR £(v)) f(vh) Uier (va, ¥y ) U1 (v2, V53 )
“p / &(r i (n-n) / &, / &0 / " gt
0
K’ et
X /d3k';<? [l (n—r2) Vvaf(vll)f(vlz)uk/(vl,vi;t)ll,k/(vz,vlz;t)
+ e*ik’-(rl,fz)Vvlzf(v/l)f(v/z)u,k/ (vq, Vi; ) Uy (v2, vh; t)]
w? o0 ik’
- f/d%’l/d%’z/() dt/d3k/ﬁ-/d3(r1—r2)
x [y £(v)) £ (V) Ui (vi, ¥ ) U1 (va, Vi t)
+ e ik (n-n)g f(vﬂ)f(v’z)ll w (vi, vi; Uy (vo, v t)]

— @t [ {Jaeh [t (9 = Vg OV F V) Uic(vi, ¥ DU (v, Vi),

e Hence, with G = (271)3G; we have
Gx(v1,v2) (356)

W © ik
= =2 %) [d%0h [ dizg - [V, = Vi £V (V3)Uk (w1, Vi DU (v2, V53 ).
e With the LAPLACE transform (348) this can be written as

Gutwr,ve) = 2 [ [, "4 v, — vl )
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p0+1oo dp p0+1oo dp
Pt 14 / Pfu
X/po L (v, vy p) e 7 k(v2, v p')

wZ
:7"/0‘3 /d3’/ dts [V — V| F(V))F(V)
dp’
27r1 Zm
ik
/ dof [d0h s - [V, = Vgl FVI)F(¥5)

// dp dP Ui (v1, v p)U_x (Vo Vo p')
27ti)? p+p

e(P+p)t Uy (v1, v p)U 1 (v2, Vi P)

, Re(p+p') <O.

Here we do the same analytic continuation as in section 3.3.1.

e In the complex w-plane the expression reads

Gx(v1,v2) /d3 /d?)vzkz vv/1 -V /]f(v’l)f(v/z)
! ...
// dw dw Ux V1,V1,p)u_k(V2,V2/P ) ) Im(w+w/) < 0.
w+ !

e The p'-integration along a contour that is closed with a clockwise-
oriented semi-circle in the Re p > 0-plane contributes only at the residue
p' = —p with —27ri,

w; ik
Gu(vi,v2) = = [d0f [d%0h s - [V, = Vil f(v))f(v3)
d
X /2—7fiUk(Vlfvi;P)U—k(VZ,V'zf'—P)-

e Alternatively, in the complex w’-plane the contour is closed counter-clockwise
in the upper half plane, contributing 27ti at the residue w’' = —w,

ik
Gulwive) = B [, [ (9, — v, s
/— Uy (v1, Vi, —iw)U_y (v, v iw).

Draw the contours for the p’ (or w’) integration.
Show that U_y (v, V/;iw) is the complex conjugate of Uy (v, Vv/; —iw).

e The collision term (342) can be written as

af (v1)
ot

/dZV (1,2)G(1,2)
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= /d302/d31’2 (2

ik
= —w;/d?)kﬁ . Vvl /d31)2 Gk(Vl,Vz)

wi ik
= AP [y Ty, [0 [0 [V - Yyl F)F(V)
X /dp Uk(vl,vﬂ;p)/d Vs U,k(vQ,vz;—p)
1 wy

=) d3k* Yy, [} /d3vzk2 [V = Vulf(v)f(vh)

i
X /dp Uy (v1, V5 p) (27)3(—ip _|_V’2 -k)D(—k, —ip)

4
:—@iﬂ / d?’k* Vi, [d [a vzkz Vo, = Vi  F(vD) £ (vh)

/d 1) }Tfk ’ VV1f<Vl)
1p—v1 (ip —vi-k)(ip — v} - k)D(k,ip)

1
“{ip— v, K)D(~k, —ip)
4
— il [ @V a0 [0 [Ty - V()
X /dw {5(V1 Vi) _ k%k'vwf(vl) ]
w—vi-k (w—vy-k)(w—-v] -k)D(k w)

y 1
(w—v5-k)D(-k, —w)’

e It is possible, although cumbersome,’® to perform all but the k and one
of the velocity integrals via contour integration.

e The result is the LENARD-BALESCU collision term

0 , , v—k-v
fa(t . () 3n /d3k Yy /d3v kEZ Ve = Vel WAV} 5|(Il;(k,k -kv)|2)
(357)

e One can show that with the LENARD-BALEScU collision term equation
(335) (without external fields) has the following properties:

°See, e.g., IcHIMARU, Basic Principles of Plasma Physics, Appendix B.
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1. f(t) > 0if f(#') > 0fort' <t

2. % [ @0 f(v) = 0 [number conservation].

& [ d3vvf(v) = 0 [momentum conservation].

& [ d3v02f(v) = 0 [(mean kinetic) energy conservation].

A MaxweLL distribution is a stationary solution.

AL

Any distribution function f(f = 0) approaches a MAXwEeLL distri-
bution as t — oo (BoLtzmANN H-theorem, see below).

The LENARD-BALEscU collision term reduces to the so-called LANDAU
collision term if the dielectric function D(k, k - v) is approximated by 1.

The LaNDAU collision term diverges logarithmically because the integra-
tion over k goes like [ dk 7.

Why does the integration over k goes like [ dk %?

The presence of the dielectric function in the LENARD-BALESCU collision
term cures the divergence at small k (i.e., scattering with small mo-
mentum transfer as it happens for large impact parameters) because
D ~ k2. In other words: the dielectric function accounts properly for
screening so that small k are not problematic.

However, both LANDAU and LENARD-BALEScCU collision term diverge be-
cause of the high-k behavior of the integrand ~ [ dk% while the ele-
mentary treatment on the basis of the RUTHERFORD cross section in 5.1
had no problem with high ks (i.e., bymin — 0). The reason is that our
perturbative approach in powers of 1/Np (that is, the assumption that
G/FF ~ Np !, H/FFF ~ Np? etc.) does not capture the “granularity”
of the CouLomB potential that is required to cause large deflections in-
volving large momentum transfers.

Connection with CouLoMB logarithm

The LENARD-BALESCU collision term contains the dielectric function. We
shall now expand the dielectric function in order to show how the
Courowms logarithm emerges. Remember, we encountered the CouLoms
logarithm in section 5.1. There we had no divergence that would have
required a lower cut-off byin,. However, as we are free to write the
Couroms logarithm in the form In A = In(bmax/bmin) wWe will be able
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to identify the CouLoms logarithm in the course of simplifying the di-
electric function in this section. In that way we can build a smoothly
connected expression for the collision term without divergences.

e The LENARD-BALESCU collision term can be written in the form

If (v)
ot

= —Vy-J(v) (358)

C

with

v) = [ @YQW,V) - [Vy = Vyl FV)F(V) (359)

and the tensor

4
L W / 5, kiki 5(k-v—k-v')
Qij(v,v') = ) k—a Dk V)] (360)
¢ Noticing that
k-Vyf(v')
. — P 3.,/
Dk k-v) = 1+2 /d e
kBT 5. k- Vyf(v)
1+k2/\]23m do k-(v—v)
Pk k-v)
= 142 7
K222
where the dimensionless function
kT [ 5 , k- Vyf(v)
plek-v) == [ 4V v =)
~Vh
does not depend on k but only on the direction k/k, we have
4 /
: Wy / 3 k'k‘ Sk (v —v')]
i = — d k .
Qij (v,v') (27)%n ‘1 p(okv) 2 (361)
T k2AZ)

o If we choose, e.g., ki = ky || (v — V') [and hence k; = k;, and k3 = k,
1 (v—v') ] we have

4
. W, // kik; o (k1)
(v, v') = — dkidkodk
Qz](VV) (27{)3n|v—v’] 10A2043 ‘1+1pkkv)
KZAZ

and thus Q;; =0ifi=1orj=1.
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e Using polar coordinates for the other components, ko = kcos?¥, k3 =
k sin® we find for, e.g., Qs3,

max k2
Qp = —/ dd sin? 19/ —, P = Pli,—0,
(2m)3n|v — v/| 2 '
% ‘1+ o
7T(U4 21 Kmax 1
P .2 2 2
= -5 dd sin 19/ d¢ ——, - =9P/A
(27)3n|v — v/| /0 Jo k|1+a2/k2)? ¥/

4

7T 27 kmax /o 3
- —%/ dﬂsinzﬂ/ d(k/a) — K/
@y — v : (k/a)+ 1]

4

L /anz‘)sinZﬁl [1+ln[(k/zx)2+1]} -
2rPnlv —v] k/a2 11 .
nw4 1 s
_ 2(2n)3n|v V/|/ ddsin? 8 [(kmax/“)ZH 4 In[(kmax /)% + 1] —1]

7'[(,01%
2(27)3n|v — v/|
In the last step we made use of the fact that ¢ is of order unity'" and
that kpax/a > 1.
With kmax = 1/bmin We obtain
4

/0 ddsin?91In [(kmax/oc)z} )

. ddsin® #1n (1/b5,n
Qas = 2(2n)3n|v v’|/ sin n( min®* >
N/\z/b%mn
ey 7 40 sin? 01 b
~ @y =1 Jo Osin“dIn( Ap /bmin)
bmax
_y 4
(27r)3n|v v’|/ dd sin? O 1In (bmax/ bmin)
—— .
N A
4
w
p
= ———— InA.
8rn|v — v/| n

Show that the general tensor Q can be written with g = v —v/, ¢ =
|v — v/| in the form
4

w
Qi]'(V,V/) = — P InA

py— (362)

§20ii — 8ig;
3

T At least we expect this from the ideal-plasma limit.
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or
/ wP 1
Qv, V)= - InA==5—. (363)
This is called the LANDAU form of Q

e Using (362) in (359) and (358) gives the corresponding collision term.

BortzMANN H-theorem

e We know from Statistical Physics that a MaxwELLian distribution maxi-
mizes the entropy, and we thus expect that, starting with an arbitrary
distribution function f(v,t = 0), the collision term will act in such a
way that f(v, ) approaches a MaxweLLian distribution on the collisional
time scale 7.

e Consider

H= / &S0 finf, (364)
i.e., an entity proportional to the negative of the entropy.

e Starting with an f that is a VLAsov metaequilibrium (so that only colli-
sions will change f, cf. section 3.2.1) we have

‘ii—lf:/cﬁ flnf<f)

- Jeemn(G) [ (G),
N R
& [ d30 f=0 see 2. in list above
_ —/d3v(lnf)VV-J:/d%%(vvf)-J
= [ @0 Vuf)- [ Q) (Ve VIf
where f' = f(V/).

e Interchanging the integration variables v and v’ and because Q(v,v') =
Q(V/,v) we find that this is the same as

G = [ ) [ o) 9y - T
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so that, adding the two, we obtain

T a0 (G- 5] Q) (9= Vil
= S [ (Y = £9er) Q) (VS £9)
_ 2//&”’;}{3’ QF

d3 d3 / l_gg d3 ds /
In A// - = F=— // J_
167m ff g 167'm ff

with § = g/g and F, the component of F perpendicular to g.

e We see: H decreases (i.e., the entropy increases). We know already from
Statistical Physics that the minimum (i.e., maximum entropy) is reached
for a MAXwWELLian.

5.4.2 Connection with FOKKER-PLANCK equation

e Instead of digging into the microscopic details of collisions one may
adopt a stochastic viewpoint: there are fluctuations on the time scale .
which cause the phase space distribution of a particle to relax on a time
scale 7. The FOKKER-PLANCK equation describes such BRowNian mo-
tion. Hence there should be a connection between our results for the
collision term (involving the pair distribution function and the particle
interaction) and a FOKKER-PLANCK equation with corresponding coeffi-
cients.

e Noticing that

9 9 9 vj — U] _(v]-—v;.)(vi—vg) dij §20ij — 8ig;

a_via_v]-g_a_vi|v—v’|_ lv—v'[3 v—v/| g3

we can write (sum convention used) with (362), (359), (358)

at |, 87n v; 3
—_———
)
av; 30,8

W _ @ 3 a8 gig [
= g Mgy [ [avj av}]f()f()

g
53]

%

w d 0 Jd d ' / 9 9 /o0 !
= #lnAavl {(E)v]f( )) 8787/(130 gf(v') = f(v )avlav]/dgv gavjf(v)}
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w? 9 ) , Jd 9 /Bg
- 2371};1111[\2)7)1'{(8?}]'](( )E)v,av /d%gf )+ flv )aviavj/ & f( )}

C(J4 .
e { ( 30/ >) oo | ) s d3v’gf<v’>}.

In the last step we used that a—f} = —a—fj.

e We wish to bring this into FOKKER-PLANCK form

of(v) 9 10 0
- _—a—vi[Al-(v)f(v)]—I—Ea—wa—vj[Bij(V)f(V)] (365)

where the first term is the drift term and the second is the diffusion term.

e Rewriting this in the form

of(v) _ 0 e L (9B of o
o —a_m‘AlfW( o, )]

av]

2 [ 19B;; 10f
= 5 ( Ait 5 )f+2a B]

we identify

ws 3 9
Bil = fren ™Moo, | T VI (366)
1
and
18B1] (U4 0 d 0 3
A4 AP pp L 2O o F(V
1+2av]- it S aviavjav]'/dvgf(v)
4
! w 0 0 0
= g ™ Am—a—/d3”'8f<"'>
i j
so that

4
0 d 9
A:_P ___/ 3.,/ /.
! 47tn1A80180]8v] g f(v)
d

25, _o.
Because a_vja%jg = ‘% = (3¢*> — ¢%)/¢> = 2/g we have

/
A= P Al / & L) | (367)
aZ)Z'

v —v'|
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e We see: with the coefficients A; and B;; according (366) and (367) the
FOKKER-PLANCK equation is equivalent to equation (342) defining the
collision term on the right-hand-side of a BoLrzmaNN-like equation

(aat +v-Vi+alf]-V )f— (368)

Here we write a[f] just to indicate that the acceleration a involves
mean fields that in general depend (e.g., via HARTREE-like potentials
or MAXWELL's equations) on the distribution function f.

e As discussed above, if we start with a non-MaxweLLian distribution f the collision

of

term ;| on the right hand side will be # 0, causing f to relax towards a MAXwELLian
C
equilibrium distribution. Ultimately, when the equilibrium is reached 3—{ =0, ie.,
C

the MaxweLLian fulfills a VLAsov equation.

e The collision term on the right hand side of the BoLtzmaNN-like equation (368) nar-
rows down the many equilibrium solutions of the VLasov equation discussed in sec-

tion 3.2.1 to the realistic, collisional equilibrium distribution—a MAXWELLian.

5.4.3 Electron-electron and electron-ion collisions

e Generalized to several particle species the LENARD-BALEscU collision
term for species ¢ reads

Afe (V) _ uln 3 5
ot | (2n)edmy, & /d Kaome 12 eV
5,k 1o 1 N Ok-v—Kk-v)
/d k2 {l:mUVv ma/VV/:| fU'(V)f(I/(V)} ‘D(k,kv>|2
or
9fo(v) wp? 3 ‘*’pa'
ot (27)3n, Z/d k

/d3 X { ey, - w} o) o) S )
(69)

with the multi-component dielectric function

D(k, w) :1+Z /d3 . Vufolv) (370)

w—k-v
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e For the collision term in LANDAU form we have, accordingly,

0 2In A 1-88 [1 1
folv) qunm Vy - /d3v’ _T . {m_gvv - EVV’ fo (V) for (v)].
(%

ot |, ﬂeomg o

(371)

e Consider the case of an electron-ion plasma with only one type of ions.
Then the sum over ¢’ runs over e and i, and we have for the electron
and ion distribution functions f = fe and F = f;

W) _ W] |, W) OF(v)| _ OF(v)| , OF(Y)
ot C ot cee ot cei ’ ot c ot c ie ot c,ii ’
respectively.

e Let us first investigate the electron-electron collision term, me = m,

If (v)
ot

e nln A
87reom2

AT @ B, - ). 72

cee

Show explicitly that the mean kinetic energy

2
5:/d3vﬂ

is conserved in electron-electron collisions.
We have with f = f(v), f/ = f(v'), upon integration by parts,
¢ / o mov? (9 af
dt 2 \0t) e

enln A Po mv 1 gg
- 18 d3’ Vv = V] ff
87‘[6’%7112/ / Vv vl ff

etnln A 1_gg
= - dBod3 mv - = Ve =V ff
871'6(2)7712/ eao v g Vv vl ff

or

s
—”““A//d3 S mv' - =88 (v, v, ff

dr 8me3m? g
so that .
da¢ e*nln A 3,43, 1-88 ’_
dr 16m—:0m2 //d od"0"mg - g (Vv =Vvlff =0
because

g (1-88)=0
(1 — &8 is the projector onto the space L to g).
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e The proofs that particle number and momentum are conserved follow
along the same line.

e The results are expected as in each binary collision of like particles
(electron-electron or ion-ion) particle number, like-particle momentum,
and like-particle energy are conserved.™

Show that the right hand side of (372) vanishes for a local MAXWELLian
distribution

% n(r,t) m[v —u(r, t)]?
R v e e o e

where n(r,t), u(r,t), and T(r,t) are local density, mean velocity, and
temperature, respectively.'3

e Now we consider electron-ion collisions, m; = M,

4 1_ 66
of (v) = wV‘, . /d3v’ =88 [lvv — lvv/} f(V)E(V),
ot | e 8regm g m M
(374)
where we used q; = —Ze, Zn; = ne = n.

Show that the right hand side of (374) vanishes for MAxwELLians f\; and
Fy that have the same temperature and mean velocity u = ue = u;.

e Hence, the electron-ion collision term acts towards thermalization of
electrons and ions.

e Momentum is not conserved for electrons and ions individually, only

9f(v)

the total momentum, as there is a collision term pT

JF(v)

electrons but also —5~| = acting on the ions.
c1e

_acting on the
c,ei

e There is another hierarchy of time-scales here. First, momentum is trans-
ferred from the electrons to the ions until the mean velocities of both
species are equal.

>However, after all the approximations that led to the LANDAU form of the collision term who
could be sure that these conservation laws are still fulfilled? Hence the explicit check.

13We normalized fy(r,v,t) such that [ d®v [d3r fy(r,v,t) = V although normalization fac-
tors do not matter for the fact that the collision term vanishes, of course.
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e Because of electron-electron collisions the electrons become
MAXWELLIAN on the same time-scale.

Show that ions assume a MAXWELLIAN distribution on a time scale that
is longer by a factor /M /m.

e Ultimately, electrons and ions assume the same temperature on a time
scale M /m slower than the electron-electron collision time.

5.4.4 Collisions with neutrals

e In a weakly ionized plasma there may be more collisions between neu-
trals and the charged plasma particles (i.e., electrons or ions) than be-
tween the charged particles themselves.

e The interaction between a charged plasma particle and a neutral is short-
range, not CouLOoMBic. As a consequence, the interaction time is small
compared to the time between the collisions, unlike in collisions between
the charged plasma constituents.

e BoLTzMANN developed a statistical model for low-density, weakly ion-
ized gases and elastic collisions. How does the collision term in the
BoLrzMANN equation (368),

p) p)
<—+V-Vr+a-Vv>f=a—]: (375)

ot

look like for such a situation?

e We write, similar to section 5.1,

dazj—gdﬂzbdbd(p, dQ = sin y dy dg.
|
| //U(l
U1 — U2

X\




128 KINETIC DESCRIPTION OF PLASMA II

e Consider particles with distribution functions f,, (v1,t) and f, (v, t).

e The flux of “projectile particles” of species 0, into bdbde is

N,
7 fo (V2 1)1 = va|d0sb dbdg,

which has the dimension s~ 1.

e If we multiply this by the number of available “target particles”*4 per
volume

N,
%fo’l (Vll t) dgvl

we obtain

N, N,
%f@(vz t)|vy — vﬂ%fg1 (v1,t) bdbde d301d302,

do
a9 dO

i.e., the number of collisions per time and volume.

BorrzMANN StofSzahlansatz

e The change of f,, because of collisions that scatter particles out of the
interval [vy, vy + dvy] is described by'5

& anz (VZ)
1% ot

N, N,
d3v, = —d3vzz 2% /d3vl /dﬂfa1 Vi, t) fo, (Vo, t) V1 — v2|dQ

c,out 01

e The change of f,, because of collisions that scatter particles into the
interval [vy, v, + dvy] is described by

& anz (VZ)
vV ot

Ny, N, do’
o, = Z z 01 d’v //dQ/fm Vi, t) fo, (Va, 1) [V — |dQ’

c,in

Ny, N, do
= P02 20 [d [ o fo, (Vi) (v Dl val 3

01

In the last step we made use of the symmetry of the elastic scattering

process,
do’ do
ETo¥ dQ/ @ dQ |V/1 —V/2| = |V1 — V2|, d303 d30/2 = d3Z)1 d302.

™One may view the projectiles as targets and vice versa, of course.
>We suppress here that the cross section may depend on the species, doy,s, /dQ) ~ do/dQ).
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e The net change of f;, because of collisions thus reads

fo (v2)
ot

B ;Z\\I}ﬁ / d’vy / dQ [fo (V1. £) for (V2. £) = fir (Vlft)faz(Vz,t)]lw—V2|c%f

C

and renaming 0> = 0, v; = v, v, = v/, 07 = B, we obtain the BoLTzMANN
collision term

9fo (V) :%%/d%l/dﬂj—g|v—v1|[fg(v’,t)f[;(v’1,t) = fo(v,t) fp(vi,t)]|.

C

ot
(376)

e The velocities v/ and v| determine into which solid angle element dQ)
the particles scatter. Hence, the integration over d() g—g can be formally
rewritten as integrals over v} and v/, weighted with an appropriate prob-
ability W(v, vy, v/, v]).

e One can show that with the RUTHERFORD cross section for g—g and ap-

propriate cut-offs the BoLrzmMANN equation with the collision term (376)
reproduces the LANDAU form expression (371).

Show that the BoLTzMANN collision term (also) conserves the particle
number.

Show that the BorTzMANN collision term (also) vanishes for
MAXWELLians.

Show that the BortzmMmANN collision term (also) leads to an increase in
entropy.

e The BortzmMANN collision term (376) is still quite involved. A drastic
simplification is made by introducing a velocity-dependent or even con-
stant mean free time 7,(v) ~ 7, = v, ! and use

fe| _ foolt,v) = folr,v,1)

ot |, T

(377)

(Kroox model).

e This collision term will cause the distribution function f, to relax to-
wards f0, which should be a local MAxwELLian (373)

B ny(r, t) me[v —ug(r, t)]?
foo(r, v, t) = N, [27tkg Ty (1, t) /my]3/2 P {_ 2kpTy (x, t) },
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7’10

3
/V /d v fo(r,v, 1),
us(r,t) / 3
NV e d*ovf,(r,v,t),
3kBTg

2T, >=vm, /d3 1)

e This choice ensures that upon integrating the BoLtzMANN equation over

velocity we obtain

Oty (1, t) + Vi - [ng(r, t)us(r,t)] = 1 Ne /d3 v[foo(r,v) — fo(r,v,1)]
_ &na(/)_na(/t)zo
Vv T ’

i.e., continuity, without sources or sinks of particles of type c.

Overall momentum is not conserved anymore because the prescribed
foo will cause f, to assume a MAxwELLian centered around the local
fluid velocity u, without actually caring about where the momentum
goes. Consider, e.g., uy = 0. Then f, will ultimately fulfill f d3ov fo =0,
and any initial momentum will be lost because its transfer to the target
particles is not taken into account. This is a good approximation if the
target particles are heavy, as in the case of neutral atoms as target parti-
cles and electrons as charged projectile particles. This is an example of a
LoreNTZ model, i.e., a model where particles diffuse through immobile
target particles.

COLLISIONAL VS COLLISIONLESS PLASMA

We had in section 5.1 for collisions between charged plasma particles

q192 bmax |6]1q2!
=4 —1 A, InA =1In bpin = ———=
V=T (47reoy) v 1 [ 47eop03

with y the reduced mass and bnin a characteristic length that appears in
the argument of the logarithm, and which later assumed the role of a
lower cut-off for the LENARD-BALESCU and the LANDAU collision term.

e Introducing a cross section (in section 5.1 called Q)

g=—
no



5.5 COLLISIONAL VS COLLISIONLESS PLASMA 131

we have

2 min

2
o= 4r <ﬂ> InA = 47b%, In A.
drepuuy

For electron-electron scattering, how is bmin related to the “classical elec-

tron radius” and ¢ to the THOMSON scattering cross section?
e For like particle collisions (ee or ii) we have yv% ~ %mvfh = kgT so
that the cross section for ee collisions and singly ionized ii collisions are

about the same.

e As v >~ noyo, and the thermal velocities differ by /M /m for the same

temperature,
Uthe = VM/m 0

we see that for singly ionized ions also
Ve = VM/mu;.

Some numbers for astrophysical plasmas

e Consider the electron-electron cross section at the surface of the sun where
(withIn A ~ 15, p = me /2, vg ~ 204, ¢)

kpT ~1eV = 0ge=6x10"m/s = 0 ~4x 10 19m?

The neutral density and the electron and ion density are, respectively,

2 3 18 —3
Mpeutral = 107°mM™7, ne,i:10 m .

The electron and ion density is smaller because only some metals are
ionized at the surface of the sun.

The ee-collision frequency and mean free path are

Oth,e

Vee — nevth/eo-ee ~ 107 S_l = lee - ~ 10_2 m.

Vee
e Typical cross sections for collisions of charged plasma particles with
neutral atoms are
en ~ 1072 =107 m?
so that
Ven — nnvth,eaen ~ 104nevth’e10740—ee - Vee
and thus also
len 2 lee = 10 m.
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o At the center of the sun the fractional ionization is much higher and colli-

sions with neutrals can be neglected. One has
kT ~10°eV, 7. ~102m 3, 0w ~102m?, Ve ~ 105!, loe~10""m.

The ee cross section is smaller than at the surface but this is overcompen-
sated by the much higher density so that the mean free path decreases
by eight orders of magnitude.

In the interstellar medium

kgT ~1eV, 1.~10°m=3, 0ee ~107m? Vee ~107%s7!1 oo ~10°m.

In a molecular cloud
kT ~ 10K ~ 10726V, 0ee~10""m?, n~10"m73,
but the fractional ionization is only 107> so that
e ~10° M ™3 Ve ~ 1073571, I ~10°m.
However, as
Oen ~107%m? = vy ~n Uthe Oen = 107%s! = len ~108m.

~—
104m/s

we still have
len > Zee

despite the low ionization degree. The reason is that the CouLoMB cross
section e becomes large at low temperatures.

At high temperatures the CouLoMB cross section is small but there are
less neutrals. Hence CouLoms collisions also dominate.

If the length scales L and the time scales T we are interested in are all
such that
L>1, T>v!

the plasma may be treated as collisional, and we can apply a fluid de-
scription because the plasma is locally in thermodynamic equilibrium
and thus the use of some local equation of state is justified.
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o If the length scales L and the time scales T we are interested in are all
such that

Lk, T<v!

the plasma may be treated as collisionless, and we may use the VLAsov
equation, neglecting collisions altogether, as the mean field is sufficient.
This is usually the case if time scales T < wy, ! are of interest [see remark
after (330)].
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INSTABILITIES

e We have learned in the previous chapter that collisions will bring the
plasma to local thermal equilibrium. This happens on time scales that
are given by the times between collisions.

1

e Collective dynamics happening on the time-scale w;, " are faster. In fact,

on that time scale collisions can usually be neglected.

e Hence, the question arises what happens to the metaequilibria discussed
in section 3.2.1 on time scales too short for collisions to achieve local
thermal equilibrium.

e It turns out that some of the metaequilibria are stable, i.e., they really
last until collisions drive them to the “real” thermal equilibrium.

e However, there are also unstable metaequilibria where the slightest per-
turbation drives the system away from this metaequilibrium.

stable neutral unstable

\!/_9_/:.\

e Unstable equilibria in plasma are called plasma instabilities.

e Besides their relevance in astrophysics (see below) plasma instabilities
are also a vital issue in practical applications such as magnetic or inertial
confinement fusion. In both cases one tries to confine plasma by fields, an
endeavour that is plagued by instabilities.

e One of the methods to find out whether an equilibrium is stable or un-
stable is normal mode analysis. One assumes a perturbation and derives
a (linearized) equation for the (temporal or spatial) evolution of this
perturbation.

135
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o Let us assume that the equation for the perturbation x reads
¥+2Ax+Bx =0, ABeR
where A and B are some coefficients. The ansatz x(t) = e %! yields
W +26wA-B=0 =  w,=—-iA+VB— A2
We see:

1. If B < A? the frequency w is purely imaginary, and the solution is
exponential, x(t) = e*¢, C € R. The “exploding” solutions elCl*
describe instabilities.

2. For A = 0 and B > 0 the solution is purely oscillatory.
3. For A # 0 and B > A? the solution is oscillatory and exponentially
growing (unstable) or damped (stable).

e The theory of plasma instabilities is so rich and the examples of unstable
plasma configurations one could study so multifaceted that we have to
restrict ourselves to only a few illustrative examples in this lecture.

6.1 TWO-STREAM INSTABILITY

e Consider two uniform, cold, electron beams of densities 1,0 and ngg
and fluid velocities u,ge, and ugopez. The ions are assumed to form an
immobile, uniform background that neutralizes the total charge. The
whole setup is one-dimensional.

o This situation is a (meta)equilibrium, because there are no fields and no
gradients. The fluid equations [without magnetic, pressure, and colli-
sion terms, cf. (226), (227)]

atnU’O + V. (n(TOu(TO) - 0/ 0=, ﬁ/
(at + Uy - V)ugo = —E=0

are clearly fulfilled.

e Now consider a perturbation

kz—wt)

Ng1 (Z/ t) = fig ei( ’ U (Z/ t) =1y ei(kz—wt)

’ g1 K Ngo, g1 <K Ugo.
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e The linearized fluid equations read, again for o = «, 3,
A . . €
—iwily + ikugoilyy = _EEL (379)

where E; = Eje, eilkz—w),

e The two streams « and 8 are coupled through a common electric mean
field amplitude £; which is determined via Porsson’s equation

eoikEq = —e(fly1 + figr). (380)
e From (378) follows
A kngots
g1 = ————,
w — kuyg
and from (379)

E kngoeE
o= —— = gy =

mi(w — kugo)

so that (380) becomes

A W2 sz
B 1— Pa P —0 81
! (W —kua0)?  (w —kupp)? (381)
with )
wpo,— eom, 0'—06,,3.

e The square bracket in (381) must be zero, which gives us the dispersion
relation.

e The fact that there will be an electrostatic field composed of certain
modes due to the presence of the two streams physically means that
kinetic energy stored in the two beams will be converted to electrostatic
waves (and perhaps to electromagnetic waves if some transformation
mechanism exists).

o If the generated electric field is unstable and grows it may act back on
the beams, e.g., “destroying” them by making them turbulent, mix them,
or bunch them.
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Solving the square bracket = 0 for w there will in general be four roots,
which may be complex, w = w, +iw;.

In fact, plotting

_ wph/w? wpé/aﬂ
flewk) = (1 — kuyo/w)? + (1 —kugy/w)?

vs k (with the other quantities fixed) we may obtain four real roots or
two real (+ two complex):

f f

w/uao  w/ugo k w/Uao w/ugo k

Depending on the imaginary part of w the respective normal mode of
the electric field

grows in time (two-stream instability, w; > 0),
is constant in time (neutral, w; = 0),
is damped in time (stable, w; < 0).

The two singularities in f occur at k = w/uq and k = w/ugp. If the
two beam velocities are too close together no four real roots for w exist
(right figure above).

The unstable waves have phase velocities w/k between 1,9 and ugg. It
is not surprising that in this range the wave-particle coupling is most
efficient.

One may analyze similarly assuming w real and k complex. Then one
finds the modes growing in space (instability), neutral in space, and
damped in space.
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e For simplicity, consider the cases where

2
wpy  “pp

2
Uao  Hpo

This includes the important case of two homogeneous, counter-

propagating streams, 1,0 = ngo, Upo = —Ugo-

Show that by introducing a harmonic average of the fluid velocities u,

1 1(1 1)
- = _+_ ,
u 2\ Uy Ugo

an averaged plasma frequency wp,

2 2 (w2
& _ Ypy _ TP

2 2 T 2
u Uz Ugy

the dimensionless frequency

L w(upy — Ua)
wp(uﬁo + uy0)’

and a parameter y to parameterize the wave number,

w w
k=—+y-2>,
u+yu

the dispersion relation 1 — f(w, k) = 0 becomes

1 1
G-y Gy 652

e The fourth-order equation in y (382) has the solution

V=x>+1+ V424 1.
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Consider this time w real (i.e., x real) and k complex (i.e., y complex).

The upper branch yields always y? > 0 and thus real k, i.e., no instabili-
ties.

The lower branch leads to y*> < 0 for x> €]0,2[ (red). The two corre-
sponding imaginary solutions of that branch with Imy 2 0 describe
spatially damped and growing waves, respectively.

We see that such damped and growing wave solutions exist down to
very small frequencies w ~ x.

The upper cut-off x?> = 2 corresponds to the maximum frequency

Ugo + Uno
wmax_\/—wp|[% it

Ugy — U
for which an unstable, spatially growing wave exists.

For small differences in the stream velocities that maximum frequency
can be much greater than the plasma frequency.

Show that the maximum growth rate occurs at the frequency

\/5 ugo + Uy

Wmax.growth = Wp m

Whether an instability “survives” and becomes “dangerous” for a cer-
tain desired plasma dynamics depends on whether the growth rate is



6.1 TWO-STREAM INSTABILITY 141

high enough to develop the instability on the time scales of interest.
There might be other effects not included in the modeling (e.g., colli-
sions, temperature, boundary effects) that may calm the instability down
(or enhance it).

We assumed cold plasma in our calculations (no pressure term) so that
u 2 /kgT/m.
Why could we not care about such instabilities in our earlier fluid treat-

ments in chapter 4?

In fact, if, e.g., we choose species  to be much heavier than g, i.e., like
a charge-neutralizing, immobile background, eq. (381) becomes

. wp?
— TPa
Eq [1 (@ kua0)2]
which leads to the earlier dispersion relation (281) (dropping «)

(w —ku)? = wlzg

without any instabilities.

Repeat our calculations for an electron fluid moving through the heavier

6.1.1

ion fluid with u;9 = 0.

We see in the above plot of y? vs x? that for large enough x> and y?
neither frequency nor wave number are complex. Large x> and > mean
large frequencies and large wavelengths on the scales set by wy, u (and

|[upo — taol)-
Kinetic treatment of the two-stream instability

Of course, any instability that appears already in a fluid description is
accesible to a kinetic analysis as well. The opposite is not true, as fluid
theory deals with moments of phase space distribution functions only.
We will see now that the kinetic treatment of the two-stream instabil-
ity confirms the results we just obtained using fluid theory. Examples
where a kinetic treatment is really mandatory to obtain an instability at
all will be given below.
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e Consider this time a homogeneous, field-free plasma of streaming ions
and electrons at rest,

fio(v) =d6(v—u),  feo(v)=204(v).

e The zeros of the dielectric function [cf. (184) for plasma without external
tields] (where we take k > 0 and real and look for complex w now),

(0)
Wpor 2 E)UHFHU (U||) k-v
Dk,w)=1- Z (Tp> /d7J| o —w/k =0, 0| = 7 (383)

o il

Fio @) /d v foo(V (Z’n—l%)f

Fﬁio)(v”) = /d3v(5(v—u) ) (v” - 1%) =0 <U| - 1%) ,
Fo) = [doi (”I - %) =)

determine the modes plasma that is free from external fields.

where

ie.,

Show that the integrations in (383) can be performed and lead to

1— Wpe 2 1 . (wpi)z 1 -0
k ) /i k) kuk—w/kE >

We thus find the analog of the square bracket in (381) (now for electrons
at rest and drifting ions),

2
Wp;

wPe
1= (k~u—w)2' (384)

e The plot of the right hand side (for a real k) vs w looks qualitatively
similar to the plots above for f vs k.

Plot the right hand side of (384) vs w (with the other quantities fixed to
some reasonable values).

Show that the local minimum of the right hand side of (384) occurs at

(wpe/wpi)2/3
(wpe/wp;)*? +1

wU:k-u
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Show that the right hand side of (384) evaluated at w = wy is greater
than unity if
2/3 3/2

Who.
k-ul <wp, [1+ 2 . (385)
wPe

This is called the two-stream-instability condition.

e Again, as we assumed a cold plasma the beam velocity should be much
greater than the thermal velocity.

6.2 INSTABILITIES DUE TO SPATIAL CONFINEMENT

e Consider a low-density, low-temperature plasma supported against
gravity by magnetic pressure B%/ (2pu).

Y

e The increase in the magnetic field in —y-direction is such that it coun-
terbalances the gravitational field.

e We assume that the magnetic pressure dominates the plasma pressure,
B2/(2ug) > p = nkgT. As a consequence, the magnetic field inside the
plasma equals approximately the externally applied magnetic field.

e Now we consider a perturbation of the plasma at its lower boundary.

Y

S
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e According to (42), electrons and ions will drift (already in the unper-
turbed situation) according

(386)

e Because of the m,/q,-dependence the ions will drift (writing as usual
me = m and m; = M) by M/m faster into —x-direction than the elec-
trons, which drift in the +x-direction.

e As a result, charge separation occurs, and an electric field is created.

Y

E

X

—

©B

e This field gives rise to a charge-independent drift

_ExB
v = B

which will act in such a way to increase the initial perturbation.

Yy

e This qualitative way of blazing the trail through a potentially unstable
plasma configuration gives most physical insight but no quantitative
answer for, e.g., a growth rate.
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What happens at the top surface of that plasma if we assuming the same
perturbation there?

e The setup “plasma on top of a magnetic field in a gravitational field”
reminds of the RAYLEIGH-TAYLOR instability for heavy (incompressible)
fluids on top of lighter (incompressible) fluids in a gravitational field.
The magnetic field assumes the role of the lighter fluid here.

e In inertial confinement fusion (ICF) one tries to compress plasma by a
radiation field, i.e., electromagnetic waves. The same kind of instability
occurs there as well, with the radiation field assuming the role of the
lighter fluid (in fact, photons are massless).

e We consider here for simplicity the case where gravity causes the drift
(386) (although gravity is usually negligible in plasma confinement ex-
periments).

e The key element to produce the gravitational instability above was

1. a first drift that causes charge separation,

2. a second drift that enhances the perturbation.

o If we replace in (42) F = mg by the force due to the curvature of the
magnetic field and its decrease in magnitude we obtain the drift [cf.

(50)1,
~ mRxB [/, 1,
Voc,curv,grad = E W U” + EUL
which also causes a charge separation.”

e Hence we have the following two possible situations, depending on the
curvature:

' Note that whenever the force does not depend on the sign of the charge the drift velocity
does and vice versa.
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plasma plasma
\/ /B~\
B stable
unstable

Why is the left configuration unstable and the right stable? Explain
by sketching (in a side-view) how a perturbation develops due to the
relevant drifts.

63 GENERAL STABILITY CONSIDERATIONS

e In the absence of external fields we can work out some general stability
criteria because the dielectric function has a sufficiently simple form in
this case.

e As in section 6.1.1, we are looking for zeros of the dielectric function

(0)
Wpo \ 2 9 Fp (2)) k-v
Dlow) =1=L () [do 5207 =0 m ="

(o
with

FO () = / &0 fro(v) (v” . 1%) ,

specialize on electrons and singly ionized ions,

2
Wp, doy 9 1 m ()
1—( p ) /—m_w/kﬁn[ﬂe () + 4Fi (@] =0

but do not further specity the distributions

fr=foo+ for(v) T g —ej (387)

for now.
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e For

w = wy +iw;

we see from
2
— 1 Y / doy 9 [0 m (o)
v < k ) v — (wy +iw;) /k 9o, [F\Ie @)+ 3 (UII)}

F(O)(UH)
~ - <

2 — w, /k —iw;/k
) [ a0 ( o S FO )
that real and imaginary part of this equation must vanish separately.

wpe -
k U — wr/k)z + (wl/k)z aUH

e The integration path must pass under the pole (cf. discussion of LANDAU
contours in section 3.3.1).

e This implies that, if w; > 0, we can perform the integral along the real

vH-axis,
°° 9, F¥) (v))
/ doj 5 ; =0,
—oo (UH - wr/k) + (wi/k)
2 (0)
I e T T v) 9o F7 (v) _
"t (0)
e T| <0y = (389)

equation (388) cannot be fulfilled because the integrand is negative defi-
nite.

e Hence we have proven the following:

If (389) is fulfilled Yk with

FO (o)) = /d v [feo(V) + Mfio(v)] 0 (UI - T)
w; < 0, and the plasma configuration is stable.

e The inequality (389) holds for monotonically decreasing F(?) (o))
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Show that any isotropic distribution function fo(v) = fo(v?) is stable,
independent of whether it is monotonically decreasing or not.

In this case

F(O)(UH) = /dZZ)J_fo(ZJﬁ-FUi) zzn/de vaO(vﬁ+vi)

and

aF(O) (U”) 5 aF(O) (U”)

R )
UH aUH UH avﬁ avﬁ

0 0
= 4nvﬁ/de vlﬁfo(vﬁ—i—vi) :vaﬁ/dvl ﬁfo(vﬁ—i—vi)
1

(o]

0
= 47wﬁ /de vl—fo(vﬁ +2%)

= 27wﬁ fo = —vaﬁ fo(vﬁ) <0.

v =

64 GENTLE-BUMP INSTABILITY

e In the cold two-stream instability there are no thermal particles that
could be in resonance with the unstable waves, i.e., vy, # vy, = w/k.

e If such resonant effects play a role a kinetic treatment is required, and a
potential instability cannot be captured by a fluid treatment.

e As an example we consider an electron distribution function with a
“bump” and cold ions,

fo = m m S/Zex B mo?
0 = Ne 27TkBT1 p 2kBT1

1/2 2
np m 1 ~m(v; —u) _m(
e (ex)o(oy) <2nkBT2> 2 [eXp < 25T ) Texp ( 2k T

fio = 4(v),

where

2kgT

Ne = N1 + Ny > Mo, <1, u? > %

e There are bumps in the electron distribution function at velocities
v, = *u, describing to beams of electrons moving along the z-axis in
opposite direction, besides the thermal electrons. As ny < ne the bumps
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can be considered a perturbation. Moreover, because T, < Tj the ther-
mal spread in the beams is small compared to the spread of the main,
MAXWwELLian part of the distribution. Finally, u? > 2kgT;/m ensures
that the bumps are well separated from the main, thermal part.

A fOe

unstable w/k

~ Ty

| | -
\ \ v

—Uu u UZ

e For the distributions Fﬁ ) we obtain
k-v
FH(S) = /d v feo(v (U T >
3/2 2
. m m 3 _ mu kv
N Ne <27TkBT1> /d v exp < 2kBT1> 0 <U| k )
+n2 ( )1/2 /d30(5 v
27'L'kBT2 x
m(v, — u)? m(vZ +u)? kv, kevx 4 kyovy
X [exp < TR ) + exp ( T ) v . i
n1 m 172 mvﬁ
- TTe <27TkBT1> exp _2k3T1
1/2 )
no m 1
o e
Ne 27TkBT2> 2 /
m(v, — u)? m(v, +u)? k k
X [exp( 72kBT2 > +exp< 72kBT2 ‘kz‘é Uy k—sz
ny m 1/2 mvﬁ
- Tlie <27TkBT1) exp _ZkBTl

qmlf( om Yk mlkey/ke—uly L mken /e )
ne 2 \ 27tk T2 ko] | &P 2kg T, &P 2kp T, ’
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e The dielectric function with
w = Wy + iw;

then reads (cf. section 6.3)

(0)
_ Wpo \ 2 a”HFHa (o))
me)_.1—;(k:>/dmv|(ww —r (391)
vw,/k} )

ot e (o)) 20
1_0 { /d|vncww*””%0@0
lim [ du & = P/du ) + mig(u = vy),

12

In the last step we used the PLEMEL] formula (195),

assuming that w; < w,, which also allows to expand

aD(k, wr)

D(k,w) = D(k, wy) + iw; o
r

(392)

e We are seeking the zeros of the dielectric function. Hence, with
D(k/w) = Dr(k/ C(J) + lDl(k/w)
we have from (392),

oD, (k, wy)

0 ~ D,(k, wy) +1iD;(k, wy) + iw; "
.

and thus
D;(k,w
w; =~ —%/ (393)
dwy

WHUUW

Wpo O
ok Y (394)

D(kyw) = 1-% (*2) P/

UH

Moreover, from (391),

Di(k,w) = —7'(2(%) avHF‘?U)(UH)

g

v”:wr/k
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2
_ Wpe (0) m .(0)
= —7T < 2 ) BUH \<F|e (U”) + MFﬂl (’UH))

/'UH:(Ur/k
A
2
[ %pe (0)
- 7T< A ) o F 7 () o= /& (395)
so that for (393)
(0)
o (@pe)’ Pt ) vy =wr/k (396)
Wi=T % aD, (k, ;) /w0, | 39

e We need to calculate D,(k, w;) and subsequently oD, (k, w,)/dw,. Now,
for vy = w/k > v with most contributions to the integral for v ~

Ui = V2kpT1/m we can expand (394), as in section 3.3.2

P [ do aUHF” (o)) ~ [ do, 9. FO k ksz k%ﬁ
/ STy —— (Ur/k—UH / ol o] (UH) Wy Cd,% + w3 )

r

Calculate D, (k, wy).

2 - : 2 2
Calculate w; up to the first correction beyond wy ~ wp.
As in section 3.3.2, we find the Boam-GRross result
w? o~ wpﬁ(l + 3k%Ap3)

where Ap; is the DEBYE length evaluated with kgTj.

o With wpiz < wpg we have in leading order just the usual

w
Dy (k,w,) ~ 1 — —2e
r r 6()72.

so that oD, (k, w;)/dw;, > 0.

e The sign of wj; is thus, according (396), determined by the slope of Fﬁo) (o))

at v = wy/k, i.e., where the electron velocity equals the phase velocity
of the wave.
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e Such particles for which v = v, are called resonant particles. These par-
ticles may efficiently couple to the wave, subtracting or feeding energy
into it, which leads to (LANDAU-) damping (w; < 0) or an instability
(w; > 0), respectively.

Using ny > ny, n1kgTy > nymu?, wpi = e*ny/(egm), show that

w; = —\/E e e S (397)
! 8 (kAp1)? 2(kApp)? 2

ny, (T 3/2 43 k,u T/ T, k,u 2
+— | = B\ T 1 exp T 2 11— — .

e We see:

1. The first term < 0 is the LANDAU damping contribution we know
already from section 3.3.2.

2. The second term originates from the non-MAXwELLian bump-part.
Obviously, the ratio of u and w, /k, matters. If

k k
Yrew = 1<u = 4 _1s0
ks Wy Wy

the second term increases w;. Particles give energy to the wave. If
the second term is greater than the first there is an instability.

3. If %’ > u the second term enhances damping. The wave looses
energy to the particles.

4. This maximum rate is found for

kyu T

_ 212
o, 1+ 4/ (kzAp1) T (398)
to be
T Wpq no 3 mu? -1/2 1 3
) N — (kA — - T o (A2 o )|
Wi max \/g(k/\Dl)?) [”1 ( Dl) kBT2 e exp Z(k)\Dl)z 2

(399)
5. Hence, w; max > 0 is the gentle-bump instability condition.
6. The maximum growth rate increases by (i) increasing n, (more par-

ticles in the beams), (ii) decreasing T, (making the beams colder),
(iii) making the beams faster.
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7. The damping term in (399) is smallest for small k, i.e., long wave-
lengths. However, (398) restricts |k;| to values |k;| ~ wp,/[u]. As
k > |k;| the most unstable waves propagate || u.

8. Comparing our result (399) with the growth rate for the correspond-
ing cold two-beam result one can show that the gentle-bump in-
stability grows slower. However, the gentle-bump instability may
turn into a two-stream instability as the bump grows and narrows.
A nonlinear treatment is necessary to study such dynamics, as
ny < np would be violated at some point.

We assumed in the above expansion of D, (k, w) that w,/k > /2kgTy/m,
which implies that the bump sits on top of the tail of the main,
MaxweLLian part of the distribution function. In fact, one can show
that a distribution function with a small bump in a region where

wr/k < \/2kgTy/m is stable.

Why is the two-stream instability accessible to a fluid treatment?

... and the gentle-bump instability not?

The two-stream instability does not require resonant particles. In fact,
in the limit of J-like bumps there are no resonant particles (red-shaded
area in the figure above) at all.

The two-stream instability is a non-resonant phenomenon whose
growth is not dependent on the number of particles with v ~ v,,.

Assume a spontaneous increase of electron density somewhere in the
plasma.? The beam passing over that clumped region will be slowed
down, which leads (due to continuity) to an even increased density, and
so on.

65 WEIBEL INSTABILITY

¢ Consider a non-isotropic electron plasma that is cold in x and z direction

but hotter in its y component.

e We assume a magnetic field

B = B,e, sinkx

? One may synthesize such a perturbation by the proper combination of electrostatic waves.
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builds up spontaneously.

e The LorenTz force will bend the thermally moving electrons as depicted
in the following figure.

Y

e

e This leads to a charge bunching, resulting in current sheets:

o It is easy to see that the magnetic field generated by these current sheets
(drawn red in the following figure) “feeds” the originally assumed field.
Hence the magnetic field will grow.
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<

sz

Z X

e This instability is called the WEIBEL instability, the intuitive physical
interpretation given here is due to FRIED.

e For the simple “cold case” the growth rate is w; ~ wpvg /c.

This chapter could only bring a very limited introduction into plasma
instabilities. There are many more of them (e.g.,, BUNEMAN, flux tube
(kink/sausage), KeLvIN-HELMHOLTZ, firehose, mirror, ...) with which one
could fill an entire semester. There is also much more interesting theory on
the subject (NYQuisT method, PENROSE criterion, ...).
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FLUCTUATIONS

e Averaged quantities such as density, pressure, temperature etc. in local
thermal equilibrium fluctuate around their respective mean values.

e One might think that these fluctuations are not of interest because of their
smallness in the thermodynamic limit (cf. central limit theorem).

e However, plasma instabilities arise because certain modes of these fluctu-
ations may grow exponentially in time (see previous chapter).

e Moreover, we will see in this chapter that these fluctuations contain a
wealth of information.

e Consider N point-like particles in a cubic volume V = L3. The fine-

grained density is
N

n(xt) = Y ol — (b)), (400)

i=1
and the fluctuation around the mean value n = N/V reads

on(r, t) =n(r,t)—n. (401)

Density fluctuations én(r,t) # 0 arise because of spatial or temporal
deviations from the mean density n.

e Assuming periodic boundary conditions (kxyL = jx 27, jx € Z and anal-
ogous for y and z) we FOURIER-transform spatially

Sm(t) = /Vd?’rén(r,t) e ikt
N

= Y e knil) _ N§(K,0)
i=1

with 6(k,0) = d,00k,00k,0- In the last step we used [, d3r e"ikr —
Vé(k,0).

e Obviously, [0ny(r, t)]* = on_y(x,t).

157
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FLUCTUATIONS

o The static structure factor (aka static form factor) is defined as

1

519 = 3 lomd0?) = LD oma®) | o2

Here, (-) denotes the statistical average with respect to some distribution
function describing the ensemble (cf. chapter 3). We assume that the
system is “stationary” in the sense that the result for S(k) does not
depend on the time at which we evaluate the right hand side of (402).
Hence, we may as well write

5(k) = %<5nk<o> 5nk<o>>. (403)

e Moreover, we can rewrite

5(k)

;]< [ﬁ e lkeni _ Né(k,o)] lﬁ el — N(S(k,O)] >

i=1
N

N
117< Y e ®TNS(k,0) — No(k,0) Y el
i=1 j=1

N N
n Z Z el (r—r) Nzé(k,0)5(k/ 0)>

1 N N
—N&(k,0) — N5 (k,0) + <Z Y elk'<ff—ff>> + N&(k,0)

_N(S(k,0> +14+ 1<ZZ eik-(r]-ri)>‘ (404)
N i=1j#i

Here, r;; = 1;;(0) (or any other arbitrary time).

e Obviously,

e For uncorrelated particles the last term in (404) vanishes if k # 0. If
k = 0 it yields YN(N —1) = N —1. Hence S(k) = —Né(k,0) + 1+
(N —1)d(k,0) and we obtain

S(k) =1-4(k,0) (405)

for uncorrelated particles.
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e In (116) we defined the single-particle distribution function as

XD = (K(X,1)

where K(X,t) = YN, 5[X — X;(t)] is the KLimonTovicH distribution
function.

e Analogously to (401) we introduce the fluctuation of the KLimoNTOVICH
distribution function

OK(X,t) = K(X,t) — (K(X,t)) = K(X,t) — nf1(X)
so that for a homogeneous system, where f1(X) = f1(v),
Sn(r,t) = / 306K (X, t)
and

om(t) = /Vd3f / dPodK(X, t) e ™ = / dOX SK(X, ) e ik,
e The static structure factor can then be written as
S(k) = %</V dST/d%/Vd?’r’/d%’ SK(X, 1)K (X', t) e =)y
= %/déX’/d6X (6K(X, t)6K (X', t)>e—ik’(f—r’). (406)
— %/d3v’/d3z;/vd3(1’—r')/‘/d3(1’+r')/2 <(5K(X/t)(5K(X/,t)>e—ik-(r—r/).

For translationally invariant systems the integrand can only depend on
r — ' and must not depend on (r+ r') /2 so that

S = 1 [0 [ o [ &= 1) (KX DEK(K, 1)) e e,

n

e We now want to express the average (6K(X, t)0K(X',t)) in terms of the
single particle distribution function and the pair correlation function,

F(X)=A(X),  GXX)=fA(XX)-FX)FX),
where f>(X, X’) is defined via (see chapter 3)

(K(X,HK(X', 1)) = 6(X — X")nfi(X) + nfo(X, X).
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We find

(6K(X,t)0K(X',t))

e We thus have for (406)

FLUCTUATIONS

- nF(X)HK(X’,t) —nF(X')])
X', 1))y — (K(X, t))nF(X') — nF(X)(K(X', t)) + n*F(X)F(X')
X’) F(X) +n*f2(X, X") = n*F(X)F(X)
— X")nF(X) +n?[G(X, X") + F(X)F(X")] — n®F(X)F(X')
— X')nF(X) + n*G(X, X).

Sk) = %/d6x’/d6x 6(X — X')nF(X) + n2G(X, X')] e k(=)

2 . .
— 145 [dX [ doX G(X,X') k)
- 1+n/d3v’/d3v/ Br— 1) G(X, X)) e ik,
Vv

ie.,

S(K) =1+n / & / &0 Gy (v, V') (407)

with Gg(v,v') the Fourier transform of G(X,X’) (with respect to
r —r'), and the same argument as above concerning the [ d(r +1")/2-

integration.

e Defining

p(r—r) = /d%’/d% G(X,X")

we can also write (407) in the form

S(k)=1+n /Vd3r p(r) e ik, (408)

Show that p(r —r’) + 1 is the conditional probability to find a particle
within a volume V /N at r, provided there is one at r'.

e Expectation values for observables may be expressed in terms of the
structure factor. Consider, e.g., the many-body HaMILTONian

for some interaction v(rj -

PZ 1 N

i

om + 3 400 =)
i=1j#i
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e Using the FOURIER expansion
1 ik-(r;—r;) 3 —ik-r
v(rj—ri):Vkae i), v= | d’ro(r) e
m 14
we can write

L L

N
lTJ ek(r—r)
2V§;¥ k

5 |5“N

where Y,/ means that the k = 0-term has been excluded from the sum.
What does it mean physically to exclude the k = 0-term from the sum?
Correlation energy density

e For the energy density we obtain, using (404), (408), and our knowledge
2
from Statistical Physics that <Zf\il 5—7;1> = 3NkgT,

<H> 1 N P2 1 Ny ik-(r;—r
v - V<Z$ +W§§§”k<e““ )
i=1j#i

i=1

3 N
= EnkBT + ﬁz ok[S(k) + No(k,0) — 1]
3
= EnkBT + —Z Uk
= é1’lk]3T-|-—2 Uk/ d31’ p ) ik
2 2V
= §nkBT+— / d3r/ /d3r p(r) e"ikr
2 14
= énkBT+n—/ d3ro(r)p(x). (409)
2 2 Jy

In the last step we used Y/ e T = V §(r) and p(r) = p(—r).

e The last term in the energy density (409) is due to correlation and may
be called the correlation energy density.
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Connection with the scattering cross section—an example

e In the Advanced Quantum Theory lecture we have learned that the am-
plitude for elastic scattering off a potential v(r) in first BORN approxima-
tion is

fk(Q) = _27ZT12

where v(r) is the scattering potential, and fq is the momentum transfer.

ro(r) e 97, q=ki—ki, k= |ki| = [k,

Consider some potential, e.g., that of a lattice with N ions at positions

R;,
= Zu(r —R
i

with u(r) the potential of an individual ion. In analogy to the above vy

we write
1 ile-x / 3 —iker
=—) uge ", u = [ d’ru(r) e .
v L k= [ drut
Hence
fi(Q) = 27rh2/d3 Z“ r—R;) e '
B 27rh2/ Z Zuke (R e
—ik-R
= ZZu e i5(k,q)
27'(7’-121 1 k
N
m —ig-R;
e uqze 1q-K;
21 hz i=1
do 2
= ol =IROP = 2h4| P e
k ( ji

2

m 2 —igq-(R;—R;)

= —— N 1 + E et .
2 4|uq| N~ }
(27-[) L incoherent part ]7'éz

J/

coherent part (interferences)

So far the ion positions were frozen. If they fluctuate because of thermal
motion one needs to take the ensemble average, leading to

do
dQ|,

m2
> = el N (S(@) + Ne(q 00}
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This shows the relation between the structure factor and the scattering
cross section. In other words, the structure factor is directly accessible
through appropriate scattering experiments.

7.1 DYNAMIC STRUCTURE FACTOR

o The dynamic structure factor (aka dynamic form factor) is defined as

S(k,w) = %/i dt<5nk(t) (Sn_k(0)> et (410)

7T J—

Because we assume that the system is stationary it does not matter
where the time origin is chosen. We could as well write (dny(t +
T) 6n_x (7)) for any time 7 in the integrand.

e The dynamic structure factor is the FOURIER transform of the autocor-
relation function (ony(t)dn_y(0)). It may also be viewed as the power
spectrum of the density fluctuations, given that we started from (400) and
(401). The fact that both autocorrelation function and power spectrum
are related is the essence of the so-called WIENER-KHINCHINE theorem.

e We expect that the dynamic structure factor contains even more informa-
tion than the static structure factor because of the temporal information
included by the different time arguments 0 and ¢ in (410).

Show that
S(k,w) 27m)%6(w — ') = (on(k,w) on(—k, —w')), (411)

where

on(k,w) :/ dt om(t) et

Show that the dynamic structure factor is real and non-negative.

Show that the dynamic structure factor fulfills the sum rule

/ " dwS(k,w) = NS(K). (412)

Integrating (411) over w’ yields

Skw) 2m)? = (on(k w) /dw’én(—k,—a)/)>



164

= (on(k w) /dw’ /:: dtén_y(t) e

= 27(6n(k,w) on_1(0))
— 2n( /j; dt (1) € 61_1(0))
Integrating also over w we find
(27)? [ Z dwS(w) = (27)2(5m(0)on_y(0)
and with (403) the claimed (412).
Analogously to (406), show that
v

FLUCTUATIONS

7iw’t>

)

S(kw) = o / &’ / &0 /V B(r—7) / dt (5K (X, )5K(X',0)) el ()~

_ % / 46X’ / doX / dt (5K (X, 1)6K(X',0))

e Analogously to (408) we want S(k, w) to be of the form

efi[k-(rfr’)fwt}. (413)

N

TJv

S(k,w) = 2—/ d3r/dt [ps(x, t) + np(r, t)] e k=@t | (414)

This is the case if

% / d3o’ / d*v (SK(X,+)oK(X',0)) = % ps(r,t) +p(r,t).  (415)

¢ Integrating (414) over w yields with (408)

/O:o dw S(k,w) = N/Vd3r [ps(r,0) + np(r,0)] oiker

and we see that, indeed, p(r,0) = p(r) and

/ d°r ps(r,0) 7T = pg (0) = 1.
v

NS(K)

N+ nN/ d®r p(r) e IkT,
1%

Show that ps(r, t) d3r is the conditional probability to find a particle at
time f in [r,r + (dx, dy, dz)] if it was at t = 0 at the origin (the subscript

s stands for “self”).
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Show that p(r,t) + 1 is the conditional probability to find a particle at

7.2

time t in a volume V /N = 1/n around r if a particle was at time t = 0
at the origin.

For uncorrelated particles only the term with ps remains, the term with
p vanishes.

The question arises how to actually calculate the dynamic structure fac-
tor.

In situations of thermodynamic equilibrium we can use the fluctuation-
dissipation theorem for establishing a very general connection between the
dynamic structure factor, the linear response, and the dielectric function.

As we have learned how to calculate the dielectric function (at least in
principle and for certain simple cases) we can then calculate the dynamic
structure factor as well.

FLUCTUATION-DISSIPATION THEOREM
We define the variation of a physical quantity B in general as

0B(r,t) = (B(r,t;a)) — (B(r, t;0)) (416)
where a(r, t) is a perturbation that is zero for ¢ < t.

We know that in first-order perturbation theory a quantum mechanical
wavefunction evolves in time (see, e.g., the Advanced Quantum Theory
lecture notes) in the interaction picture according

90 = o) — 5 | A B o) @)

where we write the perturbing part H'(¢) in the HamILTONian H(t) =
Hy + H'(t) in the form

H(t) = — / &r A(r, a(, ). (418)

Give examples for such couplings of a perturbation a to a quantum

mechanical system via an operator A.
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e The variation 6B(r, t) according (416) with (-) interpreted as the (pure-
state) quantum mechanical expectation value reads up to first order,
with (417),"

6B(r,t) = (p(t)[B(r, ) [$(t)) — (o[ B(r, ) o)

=l g [ @ ol @) b {lw) — 5 [ B0 Iy |
— (o[ B(x, 1) [¢0)
= (lB(, /dt H') o) + & | 4 (ol H'(¢)B(x,1) o)

T h /tg dt’ (ol [B(x, 1), H'(£')] o)
= %/dgr’ /t:df' (Wol[B(x,t), A(x',t')] [ipo) a(r/, ')
- %/dB’/ /tot dt’ (po|[B(r,t —t'), A(Y)] |po) a(r,t').

Justify the last step.

7.2.1 Linear response function

o Introducing the linear response function

xpa(r 't —t') = h O(t — ') (ol [B(x, t — '), A(X)] [o) (419)

we can write
OB(x,t) :/ dt’/ &3¢ xpa(r,v';t —ta(r,t), (420)
—o0 14

where we extended the lower integration limit to —oco, knowing that the
perturbation is actually a(r, t)®(t — ty), and O(t — ') in (419) allows to
extend the upper integration limit to co.

e The O-function in (419) ensures causality, i.e., that the response should
follow after the perturbation.

' No operator hats in this lecture. It should be clear from the context which quantities are
operators and which ones are “c numbers” or functions.
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e Note that in (420) the variation in B is written as a convolution of the
perturbation a and the linear response function, which only depends on
unperturbed entities.

e For translationally invariant systems, the response function can only
depend onr -7/,

xBa(r,t';t—t") = xpa(r —1';t —t'). (421)

o Writing
flrt) = 12 / ) d—wfk(w) ellkr—wi), (422)
flw) = [ at [ @rppeiteren (423)

for all time and space-dependent quantities a4, B, and xpa, we have,
using (421),

1 © dw .
“uw i(k-r—wt)
Vi) .2n 6Bk (w) e

/ df’ /d3 / Z/ XBAk oille (=) —w(t—1)] 2/ = 1y ik A —w't)
K/

- 27'[\/2/ dew xpax(w) e*Day(w),

and thus

6Bk (w) = xpax(w)ax(w)|, (424)

which is nothing but the convolution theorem applied to (420).

e For the linear response function in (w, k)-space we obtain

Xpak(w) = / /d3 r—1") 2Ot — ) (yo|[B(x, t —t'), A()] |pg) e ik (r=r)—w(t=)]

i.e.

XBAk h/ t’) /Vd?’(r_r/) <1P0|[B(l',t—t/),A(r,)] |¢0> e—i[k'(r—r’)—w(t—t’)]‘
(425)

o It is interesting to see that the linear response is determined by the com-
mutator between the observable of interest and the operator to which
the perturbation couples in the HAmILTONian.
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e We know from the Statistical Physics lecture that in the case of non-pure
states, i.e., mixtures, the expectation value (¢| - [ip) is to be replaced by
the corresponding trace Tr (p -) where p is the statistical operator. Hence

Kax(w) = %/om d(t - 1) /Vd3(r )T (p[B(x £ — ), A(F)]) e i lr) =] |
(426)

e Let E, be the eigenstates of the unperturbed system, Hy |[n) = E, |n) so
that (426) reads in energy representation

Xoaxlw) = 5 [Tdt—) [ =) L p(Ea) ol Blrt — ), A n) e kle) -0

e Using
B(r,t —t') = eltol=)/np(r) e~1Ho(t=t)/h
we find
i

Xpax(w) = ﬁ/o d(t—t’)/vd3(r—r’) e ilk (r—t)—w(t—t)]

X Zp(En){<n\ e Hlt=1)/1B (1) e HHO(I=1)/R A (¢') |1)
n
—(n|A(Y) M=)/ B () g-iHo(t—)/n !”)}

i ” —ilk-(r—1')— —t ik'-r ik”-¥
= W;;/g d(t—t/)/vd3(r_r/)e [k-(r—r) —w(t—t)] ikt o

T B {0 ) 01 )
nm
—(n] Ay e 1) (| By e EE)/1 !n>}

— L [de-n) [ @00

k/ k//

« @il (1) =(t=)] (=) (K~ (47 (K +K)

X ZP(En){ eiiwmn(tit/) (Bk’)nm(Ak”)mn - eiwm,,(tft’) (Ak”)ﬂm(Bk’)mﬂ}
nm

Here hwyy = Ey — E, and matrix elements like (m|By [n) are written as
(Bk)mn.
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Integrating both sides over (r+1")/2 yields a V on the left hand side

and a V(K

XBax(w)

—k’') on the right hand side so that

(r—v)—w(t—t')] ei(r—r’)-k’

L ® 3(, —i[k
) /0 d(t / & — 1)
X ZP(En){ e_iwmn(t_t,)(Bk’)nm(Afk’)mn - eiwmn(t_t/)(Ak’)ﬂm(Bk’)mn}
i o i(w i,
W /0 t — t Zp { mn—w)(t t)(Bk>nm(A—k)mn

— ei(wmn‘H‘}) (t=t) (A_k)nm (Bk)mﬂ }

e We perform the time integration by adding a small imaginary part to w,
lLe, w — w+1iy,

XBA,k(w)

In the second last step we relabelled indices and used w,;, =

_(Bk)nm (Afk)mn
—i(Wpn — w —i7)

. _(Afk)nm<Bk>mn
i(wpn + w +1in)

|

_i . (Bk)nm(Afk)mn B (Afk)nm(Bk)mn

thlg{)l+;p(E”>{ W + iy — Wy w + iy + Wy

_i : (Bk)nm(A—k)mn . (A—k)mn(Bk)nm
hv ;71551+ ;{p(E”) W + i — Wy P(En) W + i1 — Wy
1 . (Bk)nm(A—k)mn

ChV ;715& ;{p(E”) - p(Em)} W+ i — W

_wnm.

e With, e.g., the canonical density operator

e En/ (kgT) —Hy/ (kgT) —En/(kpT)
plbn) = =7 Z=Tre s
we have
B Bi)nm(A_x)
= —— 1 E hwmn/(kBT) ( k/)nm mn .
xpax(w) hV ;7561+ Y p(Ex ( € ) w + iy — Wy

o We see that

XAB,—k(

—w) =

(427)

—i lim
hV n—0+

(A—k)nm(Bk)mn

> { o) ~ p(En)}
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o (Afk)mn(Bk)nm
B _W ;71551+ Z{ ”)} —w + i1 + W
— g m Z{p@n) - p(Em>} %_1‘)5;”_(3531 "
and thus
XaB-k(—w) = [xpax(w)]". (428)

e Moreover, we find
1
——[XBA k(W) — xaB,—k(—w)]

2
- (Bk)nm(A—k)mn o (A—k)nm(Bk)mn
1 1

B Wﬂlﬂ’&z )](Bk)nm(A—k)mn L‘]""iﬂ — Wmn * _W+i77+wmn]
_ . . n
= hv %[P(En) O(Em)](Bic) nm (A—x) mn ﬂlg(I)L (@ — )2+ ;72

né(wtwmn)
= (1= e M/ 0T S (B (Bichum (A i) (0 — i) (429)
~ nv nmP n k)nm\A—k)mn O\W — Wmn ), 429

which we will need in the next subsection.

7.2.2  Generalized dynamic structure factor

e Consider instead of (426) the corresponding expression with an anti-
commutator [B, Al = BA + AB instead of a commutator, the lower limit
for the time integration —oo, and a modified prefactor,

Spax(w) = 4171/ /d3 r—7)Tr {p 1 t—t') }e (r—r)—w(t=t)] |

(430)

e Clearly, (410) is a special case of this expression, with both A and B
density fluctuations.

Show that an analogous calculation to the one in the previous subsection
yields

SBA,k(w) = % <1 + e_hW/(kBT)> Zp(En) (Bk)nm(A—k)mn 5(‘0 - wmn) .

(431)
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e Comparison with (429) shows that

o7 (14 e M/ 65D Sy a (@) = xap, k(—w)]
SBA,k((U) = % (1 — e—hw/(kBT))

and therefore

hw

Spax(w) = _4% coth (m) (xBax(w) — xap-k(—w)]|. (432)

This is the fluctuation-dissipation theorem.

e The dynamic structure factor is real. In fact, with (428) the fluctuation-
dissipation theorem (432) can be written as

h hw
Spax(w) = Eco’fh (m) Im xpax(w). (433)

o The fluctuation-dissipation theorem thus states that the power spectrum
of the fluctuations of a system in thermal equilibrium is directly related to
the imaginary part of the linear response function. The imaginary part
of the linear response function describes how a perturbation is dissipated
by the system; hence the name “fluctuation-dissipation theorem”.

o If kgT > hw the classical version of the fluctuation-dissipation theorem

knT
Spax(w) = ;—w Im xpax(w) (434)

results (without 7 inside, of course).

7.3 STRUCTURE FACTOR OF EQUILIBRIUM PLASMA

e In order to bring our general expression (430)

Span(@) = 3 [ d(t=1) [ —r)Tr {plBt — ), AW } e kte )it 0

7T J—o00

into the form (410)

S(iow) = 5= [ dt {ml)in(0)) e
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we try

so that (418) is
— — [ Erone,t) gpex(s,) (435)

with a(r,t) = gext(r, ) the perturbating external potential that couples
to the density and causes the response of the system.

e Indeed, we have
1 « —i[k-(r—t')—w(t—t
S(sngn,k(w) = H/ d t— f/ /d3 T—T’ Tr {p[én(r,t— tl),(Sn(r/)}_'_} e [k-( )—w(t=t)]
= —/ dt/d3 r—r") (on(r,t),6n(r')) e ilk(r—r)—wt]

= )y / dt/ &3 (r —7') (Omye (1)) el ") @il (r=r) —wi]

27TV2 K K"
Skl V= 27'51VZ L / dt/d3 rer /2/d3 r—1") (g () ) el THK"T) il (r=r)—ct]
KK~
! e 1Yt (1 -~
- 27TV2 kg,//dt/dg’ /d3 51’11(/( )57’lk//> —i[r(k—K')—r'- (k" +k)—wt]

1 )
= o [Cdt(ompon ) e

Therefore
S(k,w) = Vsénén,k(w)r (436)

i.e. our generalized dynamic structure factor Sg,s,k(w) has been de-
fined per volume and the original S(k,w) in eq. (410) as an extensive
quantity scaling with volume. The difference is just a matter of definition,
of course.

e The linear response function is determined via (424),

ony(w)
GPext(k, w)

e The induced potential because of the density response is determined via
Po1ssoN’s equation

O (W) = Xsnon(k, w) gext (k, w) = Xonon(k w) =

eOVZcpind(r,t):q&n(r,t) =  ¢nakw) = ony(w)

k2€0

so that
2

(Pind(k/ w) = _kz_e‘o Xénon (k/ w)¢ext(k/ w)-
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e The total potential is

2
CPtot(krw) = 4)ind(krw) + (Pext(krw) =|1- kZ—GOXo"nan(k, w)} (,bext(k/ CU)-
(437)
e On the other hand,
1
(Ptot (k/ w) - m 4)ext (k; w) (438)

where €(k, w) is the dielectric function (previously known as D(k, w) in
section 3.3.1).

Show (438), starting from the definition of e(k, w) (as learned in Electro-
dynamics).

e Comparison of (437) and (438) yields

k%e 1
Xonon(k, w) = q—zo {1 — } : (439)

e With (434) and (436) we find

kT ~ _ Re kT 1 kA 1
S(k,w) = VEImX(Snon,k(W) TP 4 an e(k, w) _ﬁNI e(k w)
Nk? 1
= Sk,w)=— I
( ) nwkZD me(k,LU) (440)

where kp = /\]51 (not 27'[)\51).

e Equation (440) establishes a connection between S(k, w) and Ime(k, w).
As we know how to calculate e(k, w) (at least in principle) we now know
how to calculate S(k, w).

e Using (412) we determine the static structure factor by integrating over
all frequencies,
K rdw 1

m-———-—=.

S(k) = _n_k]z) w e(k,w)
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e With the help of the third of the following KRAMERS-KRONIG relations
(evaluated for w = 0)

I k, w
Ree(k,w)—1 = —P/ dw '% (441)
Ime(k,w) = —P / deo’ + Rfi(i‘d ) (442)
1 / kw)
Rem—l = —P/ dw (443)
1 k (e c 1)
one obtains
K do 1 K? 1
S(k) = k) W tm e(kw') K} {1 ~Re e(k,O)]

2
and with Ree(k,0) ~ 1+ ],i—?

k2

S(K) = 5>
() k2 + k3

(445)

e The pair correlation function p(r—r') = [d%/' [d30G(X, X’) can be
calculated using (408), by FOURIER-transforming back

k)—l]:/vdgr p(r) e ikr

Show that in that way

k&
p(r) = —4751? e~ kor (446)
results.
e Writing this as
_ Ap L AD ap

we see that the reduction (due to repulsion of like-charge particles) of
the probability p(r) + 1 to find a particle at r if another one is at the
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origin leads to a functional dependence we know from the treatment
of DEBYE screening in section 1.1. We also see that our approximation
for the dielectric function breaks down for too small r because p + 1
becomes negative, which is nonsensical for a probability.

Show that the energy density in (409) for p(r) according (447) and a
CouLoms potential v(r) = g%/ (47epr) reads

@ = %nkBT {1 — ﬁ] . (448)

e The term ~ Nj ! is the correlation energy density due to the DEBYE-

screened CouLoMB interaction. It is a correction in first order N]S Lo

the N ! 5 0 ideal-plasma result <—I;> = 3nkgT.



