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Chapter 1

Matter in an electromagnetic field

1.1 Electromagnetic field

We introduce a scalar and a vector potential such that the electric field is given by

E(r,t)=—-Vo(r,t) — %A(r,t) (1.1)

and the magnetic field by
B(r,t) =V x A(r,t). (1.2)
Electric and magnetic field do not change under the gauge transformation

A(r,t) — A(r,t) + Vx(r,t), (1.3)

0
¢(T=t> - (b(’l‘,t) - a (’I‘,t). (1'4)
The freedom of choosing y may be employed to fulfill the Coulomb gauge condition

V-A=0 (1.5)

so that Maxwell’s equations in vacuum (i.e., no charges and currents) boil down to
the wave equation

10%°A

with ¢ the speed of light in vacuum. Plane wave solutions of (1.6) read

VA

A(r,t) = Aecos(k -7 — wt + 4,,), (1.7)
and angular frequency w and wave number k = |k| satisfy the simple dispersion
relation

w = kc. (1.8)
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Figure 1.1: Electromagnetic wave.

The vector € defines the polarization direction. In the Coulomb gauge (1.5)

k-e=0 (1.9)

follows. For ¢ = 0 the fields read
E(r,t) = Eesin(k - r — wt +0,.), (1.10)

E
B(r,t) = —(k x €)sin(k - r — wt + d,), (1.11)

w

where R R

b= —wA. (1.12)

E, B, and k are mutually perpendicular (cf. Fig. 1.1). A general, elliptically po-
larized electromagnetic wave can be constructed as a superposition of two solutions
with polarization vectors ), A =1, 2.

The energy density of the electromagnetic field is given by

1 .
5 (0| B)* + po | B|?) = goE?sin®(k - 7 — wt + 4,,) (1.13)

with et = ¢=2. The time-averaged energy density is

J RS 1 .
p = —eoF? = Zgquw?A?. (1.14)
2 2
On the other hand, thinking in terms of photons yields an energy density
hwN

p=— (1.15)

with N the number of photons of energy Aw and V' is the quantization volume. The
relation between classical electric field amplitude and number of photons thus reads

= \/?0 sov (1.16)

!Note that the time-average of the sin® in (1.13) is 1/2.
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The intensity [ is typically defined as the time-average Poynting vector (S,

1
S =—(E x B), (1.17)
Ho
leading to
1 . hwNe
I=pc= 5800E2 == (1.18)

The intensity is the field energy transported per time perpendicularly through an
unit area (i.e., parallel to the normal vector of the area).

If the phase d,, fluctuates randomly, as, e.g., in the case of radiation from a hot
gas, the radiation is incoherent.

1.2 Coupling to a charged particle

Maxwell’s equations do tell us how charges and currents generate electric and mag-
netic fields. The electromagnetic waves discussed in the previous Section are even
supported without any charges and currents because we ignored the fact that they
have been generated somewhere sufficiently far away. However, Maxwell’s equations
do not tell us how charges ¢ move under the influence of electric and magnetic fields.
At that point the Lorentz force comes into play:

F=q(E+vxB). (1.19)

In terms of potentials it reads
0
F=gq —qu—aA—H;x(VxA) : (1.20)
It can be easily shown (— exercise) that the Lagrangian

1
L= EmUQ —qp+qu-A (1.21)

yields the equation of motion
m# = F. (1.22)

The so-called minimum coupling Hamiltonian corresponding to the Lagrangian

(1.21) reads

H=c— (p—qA)" +q¢ (1.23)

where the canonical momentum p is

p=muv + qA. (1.24)
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So far everything was classical. We assume that the classical Hamiltonian can be
used as the corresponding Hamilton operator in a quantum mechanical treatment.
As the latter must be Hermitian we assume

p2 q qz 2
H= - 21 (A p+p- A +—A%+q¢ 1.9
2m Zm( ) 2m g ( 5)

(we omit indicating operators explicitly). The time-dependent Schrodinger equation
(TDSE)

0
ih W (r,t) = HY(r,1) (1.26)

with H according (1.25) is invariant under the gauge transformation (1.3), (1.4) as
long as we also transform the wave function in the proper way:

A=A"+Vy, (1.27)
o
— ¢ — = 1.2
¢=¢"— =X (1.28)
U = /Iy, (1.29)

We can use the gauge freedom to describe the radiation field entirely by the vector
potential so that ¢ = 0, and using the fact that in Coulomb gauge

V- (AV)=A - (VU)+ (V- AVY =A-(VV) (1.30)
the TDSE for a free charge in an electromagnetic field reads
0 h? 9 .. q q2 2

1.3 One-electron atoms in an electromagnetic
field

In order to describe one-electron atoms we have to allow at least for one additional
positive charge besides the electron (proton, deuteron, positron ...). Assuming that
the positive charge has a much bigger mass than the electron M > m, as, e.g., in
H, He' ... we can disregard the difference between reduced mass and electron mass
as well as recoil effects. Hence, the interaction with the nucleus is simply described
by an external Coulomb potential

Ze?
1% = — 1.32
o(r) Amegr ( )
with e the absolute value of the electron charge (¢ = —e) and Ze the nuclear charge.

This external potential is added to the Coulomb-gauge Hamiltonian:

R _, . e et
H=—-——V"—ih—A-V+ _—A"+ V. (1.33)
2m m 2m
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In the perturbative regime we partition the Hamiltonian in the form
H == HO + Hint(t) (134)

with Hy describing the unperturbed atom,

h?
Hy=——V?+V 1.
0 om C (1.35)

and
e e? e
Hiw(t) = —ih—A -V + — A~ —ih—A-V (1.36)
m 2m m

where in the last step we made use of the fact that A? is of higher order.?

1.3.1 Single-photon absorption and emission

For weak electromagnetic fields we can apply time-dependent perturbation theory.
The wave function is expanded in eigenstates 1);,

Ej;(r) = Howy(r), (1.37)
U(r,t) = c;(t)y;(r)e /. (1.38)

J
Inserting this into the TDSE one obtains a coupled set of equations for the coeffi-
cients ¢;(t). We are interested in transitions between two discrete bound states a,
b. We obtain for the change in time of the amplitude c¢;(t)

) = 3 3 (Gl Hin (1) 1) s (e (1.39)

J

HE )
with wy; = (B — E;)/h. If the system is for ¢ < 0 is in the state |¢,), i.e.,
ot < 0) = 6, (1.40)

we obtain in first order perturbation theory
! 6 t N !
P [ et = - [ ) vl enta. o)
lh m Jo

Inserting a vector potential of the form

A(r,t) = Aecos(k -7 — wt +6,,) (1.42)

2We will see later that in dipole approximation the term ~ A2 is purely time-dependent and
can be transformed away anyhow.
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@ ; W > (b) >

AVAVAVAVAVAV., AVAVAVAVAVAV.,

|l'|Ja> ! |qu>

Figure 1.2: Absorption (a) and emission (b) of a photon, involving a transition to a
higher (a) or lower (b) atomic level, ensuring energy conservation.

where A includes a slowly-varying pulse envelope we obtain

e

t
o(t) = A &% (ihy]e*FTe - W [1),) / At e!@ra=)¥ (1.43)
0

2m
. . t s !
+ e—léw <¢b|e—1k-r€ B v4 |¢a> / dt, el(Wba+w)t:| ]
0

As the pulse duration is much longer than 27 /wy,, the time integrals mainly con-
tribute when wy, = Fw for the first and the second term, respectively. Obviously
the first term describes absorption of a photon, as

Whg = W = E,=FE,+ hw (144)
while the second term describes emission of a photon,
Wha = —W = E,=FE, — hw (1.45)

(see Fig. 1.2).

1.3.2 Absorption
With .

Myo(w) = (o] - V [¢ha) (1.46)
we find for the case of absorption?

eiwba—w)t _ 1|2

e A .
O = |—=—Ae% M, —_— 1.4
AOP = |- A M) (L7
1 reN? N
= (=) A PF(2) (1.48)

3The interference term can be neglected (— exercise).
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with ) -
. — cosw .
F(t,w) = — O =W — Wpq. (1.49)
Using
F(t,w) — ntd(w) for t— o0 (1.50)
we obtain for the rate for times ¢ > 27 /wy,
Wi = a0 = = (£) 220 ()20 — ) (1.51)
a — 5,1C =<\ — o Wha W — Wha)- .
ba = 3210 5 U ba (W, b
Since o]
A% = 1.52
gocw? ( )

this can be written in terms of the intensity I as

B 47

Wba -

(1) Ml 20— ). (1.53)

m2c \ 4neg ) wi,

The absorption cross section is found by noting that

m}baWba = IO_ba (154)
from which
472 [ e h 9 4 ah? 9
Obag = % <47T€0> wba|Mba(wba)| 6(w—wba) = m2—wba|Mba(u)ba>’ (5(w—wba) (155)

follows, and
e? 1
o= ~ —
dreghe 137

(1.56)

is the fine structure constant.
A radiation pulse has a finite bandwidth so that the intensity is actually dis-
tributed over frequencies,

I= /000 u(w)edw (1.57)

where u(w) is the spectral energy density. As a consequence, not all incoming energy
flux interacts resonantly with the atom, and (1.54) is to be replaced by

hwbaWba:/ u(w)c opg dw, (1.58)
0
leading to
472 e\ u(wpa)
Wie = 2 Mya(wpa) |2 1.59
o= () " o) (159
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1.3.3 Stimulated emission

We have noted already that the second term in (1.43) describes emission, where the
electron drops from level a with energy F, > Ej, down to level b. Interchanging the
labels a and b (so that level b is again the higher one) we find for the stimulated

emission rate Wy,

Wab = Wbaa Oab = Oba- (160)
The fact that the rates for absorption and stimulated emission are equal is called
the principle of detailed balancing. However, how frequently a process occurs also
depends on the population of the levels involved. In equilibrium the upper level is less
populated according to the Boltzmann factor exp(—hwy,/kgT') (see also Sec. 1.3.7
below).

1.3.4 Spontaneous emission

So far we have not quantized the electromagnetic field. If we did we would have
obtained for the absorption rate

472 [ e\ N(wpa)h
Wie = | My (wha ) |20 (w — wha), 1.61
= (1) B ) P - ) (Lo1)

where N (wy,) is the (expectation) number of photons of energy hwy,. This expres-

sion, because of (1.18)
_ hwNce

V Y

1

is the same as (1.53).
However, because of the property of the creation operator (when acting on a
Fock state)

a'ln) =vn+1|n+1) (1.62)

the emission rate is different from the one without quantization of the electromag-
netic field:

- Ar? [ e? [N(wpa) + 1)1 )
Wor = m? <47T€0> Ve | Mba(wba)| "6 (w — wra).- (1.63)

Without quantization of the electromagnetic field there is no emission unless there
are already photons in the respective mode. In a quantized field an atom in an
excited state can also emit a photon into an empty mode, thanks to the 1 in NV (wp,)+
1 in the numerator on the right hand side of (1.63). For N(wj,) > 1 the extra 1 can
be neglected. Instead, for N(wpy,) = 0 only spontaneous emission contributes:

. Amr [ €? h 9
Wab == W (47T€0> Vwba|Mba(Wba>| (5(&) — wba). (164)
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Getting rid of the quantization volume via the density of states

Which photons can be emitted in the process of spontaneous emission depends on
the boundary conditions. If the atom is placed into a cavity, the electromagnetic
field must fit into this cavity. In our case we are interested in radiation propagating
in free space. The quantization volume is just introduced as a mathematical trick
to identify discrete modes of the radiation field before the continuum limit is taken,
but has no physical significance. In all observables the quantization volume cancels
out, e.g., by multiplication with the density of states, as we will see now. We impose
periodic boundary conditions? and thus find for the wave vector components

—ny, k,=—n,, (1.65)

with n,, n,, n. being positive or negative integers. In the continuum limit

5 L\’ L\?* , w?
= = — = — Q= — Q
d°n = dn, dn, dn, (27r) dk, dk, dk, (27) k= dkd 2r) & dw d€,
(1.66)
using k = w/c in the last step. The density of states g,(w) follows from
d*n = g,(w) dw dQ, (1.67)
leading to
V 2
0a(w) = 2P (1.68)

Multiplying g, (w) dw d€2 to the right hand side of (1.64) and integrating out w yields
the rate at which linearly polarized photons are emitted under an angle (6, ¢) into
a solid angle element d:°

h

2mm?2c3

2
s 40 = ( ‘ )wba|Mba(wba)|2dQ. (1.69)

47'('60

The quantization volume V' canceled, as required. Integration over all emission
angles and summation over the two linearly independent polarizations ey, A = 1,2
leads to the total rate

i o2 2 N
b = o M 2 L
" 9rm2e3 (47r50)/ ,\2::1%&| ba (Wha)| (1.70)
with
MY (w) = (e e - V7 [1h,) . (1.71)

4As it was done in the derivation of (1.61) and (1.63).
°In the following, we keep the notation W5, for what actually is [ W2, 0, (w) dw.
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1.3.5 Dipole approximation
If the wavelength is much greater than the relevant atomic length scale one may cut
the expansion

. 1

el’“"":1+ik-r+§(ikz-r)2+--- (1.72)
already after the first term. As the vector potential then looses its spatial de-
pendence, the magnetic field B = V x A(t) = 0 vanishes. The electric field is
considered uniform on the atomic length scale so that also retardation effects are

neglected. This approximation is called the dipole approximation.
In dipole approximation

My — My = & (] V ) = 7€ - (tnlp o) (1.73)

where in the last step we used the fact that p = —iA'V in position space represen-
tation.

1.3.6 Gauge transformations in dipole approximation

As in dipole approximation the A%-term in (1.33)% is purely time-dependent, it can
be transformed away by a contact transformation. Substituting

¥ = exp (_2167;12?1 /t A% () dt') (04 (1.74)

one obtains the time-dependent Schrodinger equation in so-called wvelocity gauge,

. a /I € /
ih = <H0 +—A() -p) " (1.75)
with Hy given in (1.35). Another option is
le y
1) = exp —%A(t) cr )Y (1.76)
leading to the length gauge Schrodinger equation
ih%d}" = (Hy+eE(t)-r)y". (1.77)

Here, the electric field of the electromagnetic wave is E(t) = —0;A(t). Assuming a
linearly polarized vector potential (1.42) the polarization vector € is the same for E

SRepeated here for convenience:

R _, . e e?
H=—-—V*—-ih—A -V + —A“+ V.
2m m 2m
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and A. Note that the transformation (1.76) can be interpreted as a translation in
momentum space.
If we perform the perturbative treatment of Sec. 1.3.1 in dipole approximation
and length gauge we have
Hini(t) = eE(t) - 7 (1.78)

and

My, = =€ Dy, Dy = —e(y|r |ths) = —emy, (1.79)

so that, inserted in (1.59),

472 1 47 e?
W = () wewle - Duf = T (15 ) eanlle - (150
follows. The dipole transition matrix element Dy, or 7, are atomic properties,
the polarization vector € is a property of the external field. Their orientation with
respect to each other is crucial for the probability that a transition takes place in
dipole approximation.

If the matrix element My, vanishes the corresponding transition is forbidden in
first-order perturbation theory. If M2 vanishes, the transition is called “E1 dipole-
forbidden”. The next-order term in the expansion (1.72) ik - » may give rise to
magnetic dipole (M1) or electric quadrupole (E2) transitions.

The last expression in (1.80) can be written as

Am? [ €?
S o e K (151

with 6 being the angle between € and ry,. If the radiation is unpolarized one has to
average cos? ) over all solid angles,

1 2m 1 1
ey d¢ /_1 d(cos @) cos* 0 = 3 (1.82)
leading to
~ 472 1 4ic? [ €?
D = — _— a D a 2 = — a a 2. 1
W2 = 3 (o ) iD= 57 (1= ) wlenmir (1.83)

We know already that the rate for stimulated emission equals that of absorption.
The rate for spontaneous emission (1.69) in dipole approximation and length form
becomes

1 1 1 e?
WsP a0 = — WP e Dy, |*dQ = — WP e 1p,|? Q. (1.84
20— o (1 )ble DuPa = o (15 ) wble ruPan. sy

Summation over the two polarization directions and integration over the angles
yields the total rate (— exercise)

~ 4 1 4oy
sD 3 2 3 2
Ws” = —— Wy | Dpel” = —wp | 7a|”. 1.85

ab 33 (4 80) ba’ b | 32 ba’ b | ( )
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1.3.7 Einstein coefficients

Consider an ensemble of atoms in a container. Only two nondegenerate levels Fj >
E, are assumed to be relevant, and the ensemble is supposed to be in thermal
equilibrium at temperature 7.

The number of atoms undergoing a transition a — b per unit time is governed

by

Nyo = WiuN, (1.86)

where N, is the number of atoms in state a. Einstein introduced a coefficient By,
which relates the spectral energy density u(w) with the absorption rate according

WP 472 1
B — ba - - D 2‘ 1
ba u(w)  3h? (47‘(‘60> [Dsal (1.87)
Hence, .
Nba = BbaNaU(Wba)' (188)

The number of transitions b — a per unit time, accompanied by the emission of a

photon, reads _
Nop = Aap Ny + Bap Nyu(whg). (1.89)

Agp is the Einstein coefficient for spontaneous emission, By, is the Einstein coeffi-
cient for stimulated emission. At equilibrium there must be as many “upward” as
“downward” transitions, Ny, = N, so that

Na - Aab + Babu

— = 1.90
Nb Bbau ( )
On the other hand we know that
Na hwpe /ksT
— = @ . 1.91
W (1.91)
As a consequence, the spectral energy density is
Aab
w(wpa) = B lkT — B (1.92)
Comparing this with Planck’s distribution
hiw}, 1
u(wba> = 7'('263 emba/kBT _ 1 (193)

yields the detailed balance and a relation between spontaneous emission and ab-
sorption:
By, = B, (1.94)

th
= "B, (1.95)

al
w23

Aab
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It is easily verified that the latter equation agrees with the above derived result
(1.85), i.e., .
Ay = WS, (1.96)

In the case of degenerate levels (degeneracies g,, g5) one obtains
9aBra = goBap (1.97)

whereas Eq. (1.95) remains valid (— exercise).

1.3.8 Spontaneous emission from the 2p level

As a concrete example we want to evaluate the rate of spontaneous emission (1.85)
for the 2p — 1s-transition in hydrogen-like atoms or ions. First we remind ourselves
that the energy levels are given by’

e Z_2 1 L, (Za)?

E,=— == , =1,2,3,... 1.98
Adregag 2n? 2mc n? " ( )
where 2
477'80
_ 1.99
o me? ( )

is the Bohr radius and n is the principal quantum number. The transition frequency
Wy, that appears in (1.85) thus is

2

1 3 mc?
Wop,1s = _§T(ZOZ)2 (Z - 1) = ——(ZOK)Q. (1100)

The matrix element 791,100 (Where the indices indicate the nfm-quantum num-
bers of the 2p and 1s state involved) needs to be evaluated with the corresponding
hydrogenic eigenfunctions. We remember that the hydrogenic eigenfunctions sepa-
rate into a radial and an angular part,

\Ijnﬁm(rv 0, gb) = Rnf(r)}/ém(gv gb) (1'101)

with Y,"(0, ¢) being the spherical harmonics, and the orbital angular momentum
and magnetic quantum numbers obey

(=01,....n—1, m=—l,—0+1,...,¢ (1.102)

respectively. The bound-state radial wave functions R,,(r) are normalized according
to ~
/ | Rpe?r?dr =1 (1.103)

0

"Here, we neglect spin-orbit coupling and other corrections.
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and can be expressed in terms of Laguerre polynomials. We give explicitly the first
three of them:

7\ 3/2
Rio(r) = 2(@—) o7, (1.104)
0
7 \*? A
Ryo(r) = 2(2_%) (1_2_6;;) e 71/, (1.105)
1 [ Z\*zr
R = — = = e % 20, 1.106
21(7°) \/g (2%) o € ( )

The spherical harmonics for £ = 0 and 1 read

1
Yy = y\/— 1.1
0 3
Y (0) = — cos 6, (1.108)
4
3 .
YFE(0,¢9) = q:,/g— sin f e, (1.109)
s
With this we find for the matrix element 721, 100
T21m,100 —/ Rzl(r)Rlo(T)T3 dr/[ylm<97¢)]*er(97¢)yoo ds2. (1.110)
0

The radial integral gives

- ZN\Y 1 o ap 24 (2\°
Ro1(r)Rig(r)r*dr = | = —/ e S0 g = 2 (_) - (LI11
| raematrar = (2) 225 (3) -

The angular integration can be performed using

2
er-e, =cosgsin = 4/ %(—Yf +Y ), (1.112)
. ) 2T ., 4 1
e e, =singsinf = ?1()/1 +Y7), (1.113)
AT,
e--e, =cosl = ?Yl (1.114)

(arguments of the Y;s suppressed) and the orthogonality of the spherical harmonics,

[ .00 (6,640 = G (1.115)
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For, e.g., the x-component we find

2 1
Jure.or cososing vpan = [y vy - do
T
1
= 6 (_5m,1 —l— 5m,—1) (1116)
so that
2\ 7
T'21m,100 * €z = L21m,100 = 54 (g) (=0m1 + Om,—1) (1.117)
and analogously
Qo 2 5,
Y21im,100 = ?4 3 1(6m1 + Om—1), (1.118)
ap 24 2\’
m = —— 13 mo 1.119
221m,100 7 \/ﬁ (3) 0 ( )
Hence,
ap\ 2 242 1 1
|7’21m,100 2 <§0> ( ) (5771,0 + 5(5771,1 + 6m,—1) + 5((57%71 + 5m,—1)>
Qo 2 2
= <E> 716 (Om0 + 0m1 + 0 1) (1.120)
1/ h\° 215
= 7 (mca) 310 mo + 6m,l + 5m7,1) , (1.121)

and we see (using (1.85)) that all magnetic sublevels contribute with the same partial

rate,
~ 4o {3 mc? 1 B2 21
sD _ b 7o) J—
Watm, 100 3c? (8 h (Za) 72 \ mca 310

~~ ~~

3

Wha |21m,100|2 for any m
2\ & 5 74 2
N (§) — (1.122)

If all these levels are equally populated the average

1

IS 1 I7s
<W2Pm,100>m = g Z WZPm,lOO (1-123)

m=—1

yields the same result as (1.122),

2) & madZ4¢2

(Wstm,100)m = (5 T =627 x 10% Zz4 s~ (1.124)
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Table 1.1: Lifetimes of hydrogenic levels.

level 2p 3s  3p 3d  4s 4p 4d  4f
7/1078s [ 0.16 16 0.54 1.56 23 1.24 3.65 7.3

We see that there is a strong Z-dependence of the spontaneous decay rate. For light
atoms and ions spontaneous decay is slow compared to, e.g., the pulse duration
of picosecond (107'%s) or even femtosecond (107'°s) laser pulses. This is good
news for several reasons. First, it allows the experimentalists to prepare atoms
in desired states. They can, for instance, create a population inversion (laser),
meaning that a higher state is more likely populated than a lower one. If spontaneous
emission were faster, such a preparation would be quickly destroyed or simply not
feasible to achieve in the first place. Second, the depopulation of excited states by
spontaneous emission of photons need not be taken into account when the TDSE is
solved numerically.®

1.3.9 Atomic lifetimes

The number of atoms N(¢) in an excited state b decreases according to the rate
equation

N(t)=-N(t)> Wy (1.125)
k
where k runs over all states to which the system can decay. Hence,
N(t) = N(0) e /™ (1.126)
where ]
2 Wi

is the lifetime of the level b. Lifetimes for hydrogenic levels are given in Table 1.1.
Note that the transition rate for the 2s level vanishes in first order in dipole approxi-
mation. In fact, /s = 0.14s, which is very slow compared to the values in Table 1.1.
The 2s-state is therefore called metastable. Two photons are emitted in the 2s —
1s decay, which is less likely and requires second order perturbation theory for a
description.

1.3.10 Selection rules

From (1.80) and (1.84) it is apparent that € - r,, determines whether a single-photon
transition is dipole-allowed or not. This gives rise to so-called selection rules. We

8We shall come back to this later on when we study the quantum dynamics in strong and short
laser pulses.
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choose the quantization axis to be the z-axis? and express vectors in the spherical
basis

T (e, tiey) (1.128)
e = — (e, Lt ie,), .
:l:l \/§ y
e = e,. (1.129)
The spherical basis vectors have the property
e, €y = g, q,¢ =—1,0,1 (1.130)

(— exercise). The covariant spherical components of the position vector read

1 1 . 4
e = :Fﬁcciiy):xﬁrsineem=m/§mﬂ<e,¢>, (1.131)

4
ro = z:rcosé’:r\/g}/lo(ﬁ,qﬁ), (1.132)

ie.,
4
re=r gyf(e, ®). (1.133)
It is easy to verify that
+1 +1
r= Z Te€, = Z T,€q- (1.134)
q=-1 qg=—1

The r; =: r? are the contravariant spherical components of r. We also expand the
polarization vector

+1 +1
€= Z €q€, = Z €44 (1.135)

g=-1 g=-1
and obtain with (1.130)
+1 41 +1
er=)Y Y crgee=> e, (1.136)

qg=—1q¢'=-1 q=—1

As a consequence,
+1
e =Y en(Wylry [T,) (1.137)
qg=—1

results for one-electron atoms, and, with (1.101),

4 & /
ot o) =\ 5 [ 01 Bt B [ QP YIYP (1138)
0

9This defines the coordinate system for the spherical harmonics.
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The integral (U, |rg |Wnem) = [ A3 U, (1)r Ve (r) can as well be performed
using the substitution » — —r (reflection or space inversion) and must lead to the
same result. Because under reflection r — —r

Rog(r)Y{™(0,6) == Rye(r)Y{"(m — 0,6 +7) = Ryue(r)(=1)Y{"(0,9),  (1.139)
that is, ¢ determines the parity of the wave function and r does not change, we find
(Wt [ [ W) = (= 1) U7 [Wem) = (£ +1) even  (1.140)

unless the matrix element vanishes. This means that the dipole operator only al-
lows for transitions between states of opposite parity. We will now constrain the
conditions for a transition being allowed further.

The radial integral in (1.138) never vanishes. Hence, it is the angular integral
over the three spherical harmonics defining the selection rules. Because Y™ ~ ™?
the integral over the angle ¢ is of the form

2m
J(m,m’, q) :/ ellm+a=—mo ¢ (1.141)
0

which is nonvanishing only if
m' =m+q. (1.142)

In case of ¢ = 0 the polarization vector is in z-direction (linear polarization) and
m' = m, i.e., Am = m’ —m = 0. In case of ¢ = +1 the propagation vector k
is in z-direction and m’ = m £ 1, i.e., Am = +£1 (circular polarization, see next
Subsection).

In order to extract the selection rule for the orbital angular momentum we need
to consider the integral over the product of three spherical harmonics in (1.138),

Al m, ¢ m!,q) = / A0 Y 1YY", (1.143)
which can be expressed in terms of Clebsch-Gordan coefficients,

(20+1)

/ / 3
A, m, t',m', q) = 20+ 1)

(£100]€'0) {(¢1mg|€'m'). (1.144)
The Clebsch-Gordan coefficients are tabulated in books on the quantum theory of
angular momentum.'® Tt is found that (¢1mg|¢'m’) is only non-vanishing if m’ =
m + q, as observed previously, and

0 =0+1, (1.145)

ie., Al = (' — ¢ = +1. This result can be also established without resorting to
Clebsch-Gordan coefficients but just using the orthogonality of the spherical har-
monics (1.115) and recurrence relations (— exercise).

OFor instance, D.A. Varshalovich et al., Quantum Theory of Angular Momentum, (World Sci-
entific).
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y

Figure 1.3: How the electric field vector rotates in an anti-clockwise (left-) polarized
electromagnetic wave which propagates in z-direction (towards the reader).

Electron spin

The dipole operator does not couple to the electron spin, which is the reason why
we have not considered the electron spin in the first place. The electron spin thus
remains unaffected by the absorption or emission of dipole radiation.

1.3.11 Helicity of the photon
Let us consider the vector potential

1
V2

and the corresponding electric field E* = —9, A"

AL(z,1) = —=A (cos(kz — wt)e, — sin(kz — wt)e,) (1.146)

1 -
E"(2,t) = —=Aw (—sin(kz — wt)e, — cos(kz — wt)e,). (1.147)
V2
Figure 1.3 shows how the electric field vector rotates in the xy-plane, as seen from
an observer looking towards the incoming wave.
By projecting onto the spherical basis vectors (1.128) we find

1. 1.
er - Al = ¢§A(cosn Fising) = :FiAeW (1.148)
with 7 = kz — wt. The vector potential can thus be expanded in the form
1. . .
Al = §A(emei1 —e et ). (1.149)

If we introduce

(e, +ie,) =: e, (1.150)

* —
e | =

1
V2
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1
e, =———(e, —ie,) = e (1.151)

V2

we can write for an anti-clockwise (left-) polarized vector potential

1 - .
Al = EA(eLe‘(kZ*“t) +c.c.) (1.152)

and for a clockwise (right-) polarized wave

AR = %A(eRei(kzwt) +c.c.). (1.153)
From expression (1.43) we inferred that the term ~ €7 gives rise to absorption
and the term ~ e7*7 gives rise to emission of photons. Therefore the term ~ ev -7y,
describes the absorption of a left-hand circularly polarized photon, and the term
~ el . p,, that of a right-hand one. As we interchanged the labels @ and b in the
emission term in Sec. 1.3.3 we find that e -7y, = e -7}, describes the emission of
a left-hand circularly polarized photon, and e®" -7, = eR”- r,, that of a right-hand
one.
Let us consider the emission of a left-hand circularly polarized photon,

ik-r

* 1 1

L : :

e Ty =—(e,—ie,) T = —=(Tap — Wap) = (Vulr_1|Vsp) . 1.154
b \/5( y) b \/5( b Y b) < | 1| b> ( )

In the last step we used (1.131). Because of (1.142) and ¢ = —1 in this case,

obviously m’ = m — 1, which means that in the final state the atom lost 1A of
angular momentum projected onto the z-axis (i.e., the quantization axis). With
the same line of arguments one arrives at the conclusion that the emission of a
right-hand circularly polarized photon increases the m-quantum number by one.

Because of angular momentum conservation of the total system atom + field, a
photon has to carry an angular momentum =4h in propagation direction. As there
can never be an orbital angular momentum L = r X p in propagation direction
the angular momentum of the photon must be intrinsic. We call it the spin of the
photon. Its projection onto the propagation direction is called helicity. 1t is +h for
left-hand and —h for right-hand circularly polarized photons. There is none with
Oh. This is different from a massive spin-1 particle, for which there would be three
values (—1, 0, and +1h) for m.

1.3.12 Spectrum of one-electron atoms

The non-relativistic expression for the eigenenergies reads

222 1 L (Za)
go__¢ 2 _ 1 .Z (1.155)

dregag 2n? 2 n?

where
4me 0 h2
ag =

(1.156)

me?
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Figure 1.4: Grotrian diagram for atomic hydrogen (from Bransden & Joachain,
Physics of Atoms and Molecules).

is the Bohr radius and n is the principal quantum number. As these energies only
depend on the principal quantum number but the selection rules derived above
involve only ¢ and m, the hydrogenic spectrum contains all frequencies

Eo—E, 1 ,a% ,(1 1
= a _ —_ 7 = - = 1.157
Vab h 2" n2 n? ( )

where n, > n,. The selection rule (1.145) restricts the possible transitions, as
illustrated in the Grotrian diagram in Fig. 1.4.

1.3.13 Oscillator strengths
We define the oscillator strength

|7kal? (1.158)

where wy, = (Ex — E,)/h, E;, > E, so that f, > 0 for absorption and f, < 0 for
emission. We will now show that

> fra=1, (1.159)
k



22 CHAPTER 1. MATTER IN AN ELECTROMAGNETIC FIELD

which is the Thomas-Reiche- Kuhn sum rule.
We start with

h
= = (Wal[Pe; 2] [¢0a) - (1.160)
Inserting unity we obtain
- Z ¢a|px |77Dk: 'lvbk:'x Wja Z ¢a|$ |77Dk: wk|px Wja) . (1161)
i
Making use of
p= mh[Ho, r], (1.162)
where Hj is the atomic Hamiltonian, (1.35) we have
h
: = ﬁ( (WallHo, 3] [9) (Wle [Ya) = D (Wale [14) (il Ho, 2] [va) )
k
- ;L(Z (B = Bl 1) (e [Ya) = (B — Ea)(ale ln) (Wl [160))
k k
= 2 bl (e ) P (1.163)
k

Hence,

= 2 S (il ) I (1.164)
k

The same is obtained for y and z so that
2m
= szka‘rka‘{ (1165)
k

and with (1.158) follows (1.159).
If continuum states are involved the sum rule is easily extended to incorporate

them as well. Defining
dea 2m

2
—WEg4|T
B~ 3n el
where E labels the energy continuum eigenstates [¢)g) which are supposed to be
normalized according to

(1.166)

(YplYe) =0(E — E) (1.167)
and
Tea = (VE|T [Ya) (1.168)
one finds * 4f
FEa
Do fat | T dE=L (1.169)

k 0
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We derived the Thomas-Reiche-Kuhn sum rule only for one-electron atoms here
but it similarly holds for N-electron atoms,

ST =N, (1.170)
k
where
2mw N
N ka i i
flga) = 35 ’Rka‘Qv Rka = ;"“1(@(37 7',5:(2 = <¢k"rz ‘wa> (1171)

(— exercise).
All transition rates in dipole approximation can be expressed in terms of oscil-

lator strengths, e.g.,
2ah

i7sD 2
Wey = @%a|fba|~ (1.172)
Sum rules are useful in numerical calculations where basis sets are necessarily
restricted. One can then test in how far the sum rules are “exhausted”, i.e., how
close one is to 1 (or N) when summing up all the oscillator strengths in the numerical
implementation.

1.3.14 Spectral lines

What is the energy of a photon being emitted in the process of spontaneous emission?
The most likely energy will be hAwp, because it fits to the energy difference of the
levels involved. However, if the lifetime of one of the states (or both) is finite, we
expect an uncertainty in the photon energy because of the time-energy uncertainty
relation. As a consequence, spectral lines broaden. This leads to a natural line width
for a given transition, which we will discuss first.

Starting point is (1.39),

&y (t) = %Z%!Hm(t) [5) ¢j(t)el". (1.173)

We are interested in the spontaneous decay of an initial state b to the ground state
a. The final state consists of the emitted photon (characterized by its polarization
and the direction of emission) and the electron in the ground state. We characterize
the corresponding amplitude by ¢, (w, 2, A, t). Retaining only the two states involved
we obtain two equations, namely one where ¢, is coupled with c,,

. € V 1 i(Wpg —w
éy(t) = —%WZ/dwuﬂ/ AQ A(w) M (w)e@ra=Ve, (w, Q, A, 1), (1.174)
A

and another one where ¢, is coupled to ¢y,

~

Calw, QN 1) = %A(W)Mb(;)*(w) eilwmwnalte, (). (1.175)
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In (1.174), we sum on the right hand side over the polarization of the emitted photon
and the direction of emission, and use the density of states (1.68). In (1.175) we
made use of the fact that Mé;\) = — b(;\)* From (1.16) for N = 1 photon we infer
the vector potential amplitude

- 2h

AW =\yes (1.176)

In the perturbative treatment of Sec. 1.3.1 we set ¢, = 1. Now we allow for a
decay from time ¢ = 0 on:

co(t) = O(t) e V™), (1.177)
The time-evolution of the initial state wavefunction then reads
Yo(1,) = cp(t)ihy(r) €7 PR = gy (1) @7 IFRTIMERIR (1.178)
for ¢ > 0. This resembles the free evolution of a wavefunction with complex energy
. h
gb = Eb —1—. (1179)
27—1)

Inserting (1.177) into (1.175) and integrating over ¢ yields

t
W@ RN = AWML () [ et g,
0

2m
ei(w—wba)t—t/(QTb) -1

(w—wpa) — 1/(27)°

For ¢t > 7, it is seen that the probability |c,(w, 2, A, t)|? for a photon being emitted
with polarization €, into the direction €2 is proportional to

e A)x*
= AWM ()

(1.180)

! T ! (1.181)

(w—wpa) —1/27)| (W —wpa)? + 1/(472) '
which is maximal for w = wy, and half of the maximum at w = wy, £1/(27,). Hence,
introducing the natural line width

h
I'y=— 1.182
= (1182)

we see that the probability |c,(w, 2, X, t)|* is porportional to the Lorentzian
I/(4)

(W — wpa)? + T3/ (402)°

whose full width half maximum (FWHM) is I'y/h and which is shown in Fig. 1.5.

The maximum of the function f is unity for all I', so that limp, o f = 0. Instead,
with

flw—wp) = (1.183)

; 1 I,/ (2h)

flw = wa) = — (W — wpa)? + [2/(4R2)

(1.184)
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Figure 1.5: Lorentzian Eq. (1.183).

we have

Tim f(w = wa) = 6(w = wh) (1.185)

In order to determine the lifetime we insert ¢, from (1.180) into the expression
for ¢, (1.174). This gives

/(2m) _ (wba—w)t

V() = Q A2 ()| MY ()P
o) =~ BCBZ/dW /d M @) (w o) — 1/@7)
he? 1 N e~ t/(2m) _ gi(wpa—w)t
- d A MM (w)?
Com2 go(2m) co(27)3¢3 Z/ ww/ My (@) (w—wpa) — 1/(21)
—t/(21p) _ pi(wpe—w)t
e? N, e | e e
= —— d d? M( .
4reg 4772m263 ZA:/ CM/ Mo ()] {i(w — Wha) — 1/(2%)}

The last term in brackets peaks sharply around w = wy, while w\Mb(;‘) (w)]? is only

slowly varying as a function of w. Hence we can take w|Ml§;\) (W)|* ~ wba|Mb(2‘) (wha)|?
and the integral over w can be performed using contour integration (— exercise).
The result reads

2

h
bt) = -5 / A9 wia| M (we) Pt (1.186)
A

dteg dwm2e3

On the other hand, from (1.177) follows

1
é(t) = 5 e >, (1.187)
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Equating this with (1.186) yields

1 2 p
- - Z/dQ wWoa| MY (wpa)|? (1.188)
A

21, 4dmweg dmm?2c3

and because of

1
b= 1.189
ab Tb ( )
we see that ) .
> e n A) 2
Wa = dQ wya| MY (wha 1.190
b Areg 2rm2e3 Z)\: / Wha| Mg (wea )|, ( )

in accordance with the previously derived result (1.70).
One can show that if the state to which the transition takes place also decays

the linewidth is given by
1 1
F—h(—+—> . (1.191)
Ta Ty

We saw in Table 1.1 that the lifetimes for hydrogenic levels with Z = 1 are
on the order of 1078s. For instance, the energy of the 2p-level is —3.4eV, the
transition energy to the 1s ground state 13.6eV — 3.4 eV = 10.2eV. The linewidth is
[ = h/7 ~4x107"eV. In practice, the measured linewidths are usually much greater
than the natural line widths, for reasons that will be discussed in the following.

As already suggested by (1.127) the rates of all channels via which a state b may
decay should be added up so that

1
Wtot ‘

7 = (1.192)

The same holds for level a and thus

_ 1 1

th(_—+?> ) (1.193)
This increased linewidth enters (1.183).

Pressure broadening

One reason for an increased decay of levels are collisions between atoms. In such a
collision the atoms may make transitions between state b and other states without
emitting a photon (radiationless or non-radiative transitions). The collision rate is
proportional to the collision cross section o,

W, = nvo (1.194)

where nv is the flux, i.e., the density of atoms times their relative velocity. As
the density depends (via an equation of state) on pressure, the broadening due
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to collisions is also called pressure broadening. Both v and n depend also on the
temperature. Hence, spectral lines contain information about the environment of
the emitters. In fact, spectral methods are used in astrophysics to learn about stellar
atmospheres and in the lab to charcterize plasmas.

Doppler broadening

Consider an atom that emits a photon of wavelength A\q but which moves with a
velocity v towards you or away from you. In the nonrelativistic limit v/c < 1 the
wavelength of the radiation will be shifted according

A= (1 + %) (1.195)

(upper sign for atom moving away, lower sign for atom approaching). The corre-
sponding angular frequency reads

W = wo <1¢%>. (1.196)

We assume that the atoms of mass M obey a Maxwell distribution. As a conse-
quence, the spectral density of the emitted light will be of the form

Mv? M (w—uw’
Uem (W) = Uem(wo) €xp [— 2]{;} = Uem (Wp) €xXp _Qkf} (w wow()) (1.197)
The FWHM in this case reads (— exercise)
2wy [2kT  1'?
Aw=—|— In2 1.198
o= 20120 my (1199

As expected, the Doppler linewidth increases with temperature and decreases with
the atomic mass. However, note that it also depends on the central frequency wy
itself. Unlike the lines due to spontaneous decay and pressure broadening, Doppler
broadening generates a Gaussian line shape, not a Lorentzian. Because the Gaus-
sian decreases more rapidly as one moves away from the central frequency wy than
a Lorentzian, the wings of a spectral line are determined by the Lorentzian (see
Fig. 1.6). Methods to eliminate the Doppler broadening are discussed in the exper-
imental part of this lecture.

1.3.15 Photoelectric effect

Consider a hydrogenic atom whose electron is knocked out by a high-frequency
photon of angular frequency w and wave vector k. The final state of the electron is
a continuum state. The final (nonrelativistic) kinetic energy reads
27.2
Rk

Ej =5 < me?. (1.199)
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Figure 1.6: Lorentzian (solid) and Gaussian (dotted) with the same FWHM.

If we neglect the influence of the Coulomb potential on the knocked-out electron we
can write its wavefunction as

eikf~7‘
wb(kf7 r) - (271')3/2 . (1200)
In Sec. 1.3.2, Eq. (1.55) we obtained for the absorption cross section
4m?ah?
O = | Mo (wia) |26 (w — wpa). (1.201)
The matrix element M,, now governs a bound-free (b-f) transition,
b-n_ 1 —ikpr kv 3
My, = M,, ' = ——= [ ™" e e - Vi(r)dr. (1.202)

(271')3/2 N N~
electron photon
Note that the dimension of this matrix element is not (length)~! anymore, as it was
for a bound-bound transition, but (length)!/? because the plane waves (1.200) are
dimensionless and normalized to the d-function. However, by integrating (1.201)
over the final wave vector the proper dimension (length)? is recovered for the cross
section:

bopy  4miah? 1 b—f
O = = | iy M )P 6w = wna), (1.203)
where now £ B
Whe = % (1.204)

and, because of the energy-conserving d-function,

E; = By, + hw. (1.205)



1.3. ONE-ELECTRON ATOMS IN AN ELECTROMAGNETIC FIELD 29

As )
&y = == T dE; A (1.206)
we obtain
_ 47 ah2 kem E,— FEy,
o0 /dEf/dQ 0D, ba)Fé(w—%)
4 ah2 krm o bt
= O [ aEs a0 il )l 8 e — (B - Bu)
4’ ahk _ 1
- T fag f)(w)|2, by = 5 Vom(Br + ), (1.207)
so that
daéz_f) Ag? ozhkf‘Mb f< )‘2 (1.208)
daQ  mw ba ' '
The matrix element Mb(s_f) can be integrated by parts, giving
- _ —ie- (k—ky) i(l—ky)-r 3
Mba = W e( 7) wlS(T’) d’r. (1209)

As the polarization direction is perpendicular to the propagation direction
k-e=0 (1.210)
and thus
e-(k—ky)=—e-kf=—kpcosy (1.211)

with v the angle between the direction of ejection and the polarization axis.
The integral in (1.209) is the Fourier-transform of the ground state wavefunction,
i.e., with
K=k —k; (1.212)

we find for a 1s hydrogenic wave function (— exercise)

: Z3\"Y Z/a
iKor 3 0
() dPr =8 . 1.213
[errminr=sn(Z5) " st 2
Putting everything together we obtain
_ ikscosy (875 "? 1
MPD = 2 1.214
= ) @R .
so that
do> hk} a3 Z° cos? vy

=32 :
dQ o (22 + a} K24

(1.215)
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Figure 1.7: Geometry of the photoeffect.

We can choose as the propagation direction of the incident photon e,, and the
polarization direction € = e, (see Fig. 1.7). Then

cos y = sin  cos ¢. (1.216)

Let us now study the case where the photon energy is significantly higher than

the binding energy such that (see (1.205))
th]%

hw = hke ~ — 1.217

ex (1217)

i.e., (almost) the entire photon energy is converted to kinetic energy of the photo

electron. Hence
k - hkf Uy

— = = 1. 1.218
k¢ 2me  2c < ( )

In the last step we assume that the velocity of the ejected electron v is much smaller
than the speed of light ¢. Then

k
K? = k? + k7 — 2kky cos 0 ~ k} (1 — 2/{;_ cos@) = k7 (1 U cos@) . (1.219)

f C
Because of F22 , ,
A e
ho=—2L>|F,| =2 1.220
2m | ! | 2 4’/T€(JCL0 ( )
we have ) )
m m e
agks > a3ﬁ|Els| =72 e, 0 7Z? (1.221)

or, with ky = 27/ A\,

2
CL()/Z 1
— 1.222

AdB
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which means that the de Broglie wavelength of the emitted electron (divided by the
nuclear charge) should be much smaller than the Bohr radius in order to satisfy our
assumption that the binding energy is much smaller than the photon energy. In the
denominator of the differential cross section (1.215) appears

Z° + ayK* = Z° + agk} (1 - %f cos 9) ~ agk} <1 - %f cos 0> ) (1.223)
leading to
o> ho( Z\° sin?6cos’
e _ 394 < ) sin 9cos™ (1.224)
d2 mw \aoks /) (1 — L cosf)

We see that the ejected photoelectrons are predominantly emitted along the polar-
ization axis (see Fig. 1.8a). In fact, because vs/c < 1 we have

5
) sin? @ cos® ¢ <1 + 4% cos 6’) , (1.225)
c

showing that the correction in vy/c acts in favor of smaller 0 (see Fig. 1.8c). For an
unpolarized photon beam the differential cross section needs to be averaged over ¢,

daéz_f) ~ 16 h ( Z

aof

dQ amw

5
) sin? ¢ (1 +4Y cos 0) . (1.226)
C

The total cross section reads (— exercise)

16v/2 2\ 772
6‘4%825 (%) a2. (1.227)

Otot =

It is proprtional ~ w~7/? and thus decreases with increasing photon energy, i.e.,

the atom becomes more transparent. The cross section increases with Z°. One has
to keep in mind that we restricted ourselves to high but nonrelativistic energies of
the ejected electron, |Fi| < Ey < mc?. Moreover, aZ < 1 for a nonrelativistic
treatment of the atom being valid.

1.3.16 Scattering of radiation

The perturbative treatment of the scattering of radiation by atomic systems requires
at least second-order perturbation theory because a photon is absorbed and (re-)
emitted (or vice versa).

Let the initial (nondegenerate) state of the system be a, the excited state involved
n, and the final state b. The absorbed photon is of energy Aw, the emitted one of
energy hw'.

In the simplest case a = b. Then, neglecting recoil effects (— exercise), we have
elastic scattering w’ = w, which is called Rayleigh scattering.
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(©) (d)
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Figure 1.8: Angular distributions. 3D polar plots of the function f(0,¢) =

% are shown for £ = 0 in (a) and 0.5 in (c). The same for the ¢-averaged
function f(0) = 2(1—53?#9)4 in (b) and (d), respectively. The arrow indicates the

momentum hk of the incident photon.
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If initial and final state are different energy conservation requires (see Fig. 1.9)
W= w— Wp. (1.228)

This inelastic scattering of radiation is called Raman scattering.
The coupled set of equations (1.39)

: 1 iw
a(t) = = En (b Hing (t) [¢0n) cn(t)e! (1.229)
can be solved up to second order. To that end one formally integrates (1.229),
1 t
_ / / N Aiwppt!
e(t) = ep(0) + E/o A Sl i) o (116 (1.230)

In first order one replaces ¢,(t') by the zeroth order ¢,(t') = ¢,(0) = d,,. Instead,
we now iterate and obtain the (still formally exact) solution

e(t) = ¢(0) +% /0 At 3" (el Hi (¢') [1ha) €07 (1.231)

I -
X{%m”*ﬁ[:“”XXMHmm%Wﬂquwﬂ}.
J

In order to obtain the result up to second order we make use of the fact that at time
t = 0 only state a is populated and that ¢;(t") =~ ¢;(0) = d,, leading to

1 [t o,
lt) = 5 | A Gl Hi(0) ) (1.232)

1 [ a1 N
- dt/ Hin t/ » iwppt” — dt” " Hin t” u iwnat )
g, A DSl ) ) G [ Gl i)

The first term is the “first order time-dependent perturbation theory”-result we
know already. It describes absorption and emission of a photon but not the scattering
processes we are interested in. Hence, in the following we consider only the second
order term

1 : t/ 3 1 /
t) =~ 30 [ At [ A1 () 1) B (1) ) 4,

(1.233)
From the matrix element in this term one can infer immediately the process which
is described: at time ¢” the interaction with the radiation field Hi,(t”) causes a
transition from state a to some intermediate state n. Then, at time #/, another
interaction with the radiation field H;,(t') causes a transition from the intermediate
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la>

Figure 1.9: Scattering of an incoming photon of frequency w, leading to an outgoing
photon of frequency w’. The relevant atomic states involved are the initial (ground)
state a, the intermediate states n, and the final state b. The states b and a are
separated by Awp,.

state n to the final state b. The scenario depicted in Fig. 1.9 is exactly of that
kind. As the intermediate state n and the times t” < ¢ are not determined, they
are summed and integrated over, respectively. If several states or times contribute,
interference effects may occur. Note how the time-ordering ¢’ < t’ comes into
play. There are also other two-photon processes described by the second-order term
(1.233), not just scattering (— exercise).

One can show (— exercise) that in dipole approximation one obtains the differ-
ential cross section

Wna — W Wna + W'

m? 3 {(a Ten)(€ - Tna) | (€ 7n) (€ ’“m>] ‘ . (1.234)

n

Here, €, €' are the polarization vectors of the photons w, «’, and

62

To =2.82x 107" m (1.235)

 Amegme?
is the classical electron radius (no h involved). The first term in (1.234) is called the
resonant term because the incoming w may be resonant with the transition from a
to n. The second term is off-resonant as both w,, and W’ are positive.

As one-photon transitions change the parity of the atomic system, the parity of
the states a and b must be equal while the parity of the states n must be opposite
to the one of a and b. For one-electron systems this implies A¢ = 0, +2.

Resonant scattering

The first denominator in (1.234) vanishes if w,, = w. This singularity is removed if
we take the finite lifetimes of the states n into account. We saw in Sec. 1.3.14 that
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in this case one has to replace

r
E,— E, — if. (1.236)
We assume that state a is the ground state and does not decay. Neglecting the
off-resonant second term in (1.234) one obtains for the differential cross section in

the resonance region

2 2

(€ Tp,) (e Tha)
Wna — 10 /(2h) —w

do-ba o 2 /3 m

a0 = Trpww ﬁ

(1.237)

and for the total cross section

2 /3m_2 1
h? (W —wpe)? +12/(4R2)

/dQ (€ ) (€ - maa) 7. (1.238)

If w=uw (E, = E}) the scattered radiation is called resonance radiation, if w > o’
(W' cannot be bigger than w if a is the ground state) resonance fluorescence or
resonant Raman scattering. Resonant scattering occurs naturally if the radiation
emitted by one sort of atoms impinges on atoms of the same sort.

Non-resonant scattering

Let us consider again (1.234)

do
dQ2

2

= riww’” —
0

h?2 Whng — W Wha + W'

2 3 [(s’.rbn)(s-rna) N (e'rbn)(é-rna)} 2

n

in the Rayleigh-case, i.e., a = b, w = W', so that

2Wna

(€ Tan)E o)

2
na w

(1.239)

n

As the ground state a is an s-state (¢, = 0), the intermediate states n must be
p-states ¢, = 1. If we consider linear polarization with € along the z-axis, € = e,
we have

€ Tha = Zna- (1.240)
From (1.142) we know that
My = 0 (1.241)
so that (— exercise)
Tan = (0,0, Zan) (1.242)

and thus
€ Pan =€ 2an = (€ €")zan. (1.243)
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As a consequence

do m? 2Wna
@ = T 2 e )
2 2 2
m Wna
= 7"(2)(,{}4ﬁ(€ . 8,)2 Z |2,’an|2 m . (1244)
Low-frequency limit. If w? < w?, for all n then
2
do o 4’ "2 2 2
o = ﬁ(s €' zn: | Zan| o (1.245)
(-] e2)?
with
a, = 2¢* Lzanl” (1.246)
: na En - Ea .

the static dipole polarizability of the atom in state a. It governs the electric dipole
pe1 that is produced when a static electric field E is applied,

pa = aE, (1.247)

and in general is a tensor. We can write the differential cross section as

d 0\ 2

d—g = 2 (mo‘ ) (e-€)2. (1.248)
The strong w dependence shows that short-wavelength light is scattered more effi-
ciently (explanation of why the sky is blue). Finally, the total cross section turns
out to be

e2

81 rroma\?
ot = §< > ) Wt (1.249)
High-frequency limit. In this case
2
do m?
o = 47»3?(5 - g')? Zn: |Zan|? Wna (1.250)
From the sum rule (1.164),
2
1= Fm zn:wm|zna|2, (1.251)
we infer
do > m?

= 12(e-€) (1.252)
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This is the differential cross section for Thomson scattering. The total rate reads
(— exercise)

Otot — ?TO' (1253)

There is no state-dependence left whatsoever, so it may be applied to the scattering
on free electrons as well. Note that the two limits discussed do not involve A. In fact,
they can be derived also classically (— Jackson). As our calculations are based on
nonrelativistic theory fiw < mc? must be satisfied (unlike in Compton scattering).

1.4 Mechanical effects of light

James Clerk Maxwell derived in 1861 that a light beam of intensity I impinging on
a surface of reflectivity R exerts a light pressure

I

Pu=(1+R)-. (1.254)

This formula is most easily derived in terms of photons. Momentum conservation

DPbefore = NhE = Dafter = —RNIE + Pvody (1255)
yields
Ap = prody = (1 + R) Nhk (1.256)
or, because of w = kc,
Apc=(1+R) Nhw. (1.257)
We consider N photons inside a volume V' = Ad in front of the surface so that
Ap ¢ N hw
— - =(1 — 1.2
LS —aem (1.25%)
—~—
1/At

where At is the time intervall within which all the photons inside the volume hit
the surface. With Ap/At = F we have

F p—g+sn™ _qipl (1.259)
V c

The formula (1.254) suggests that a flake of matter coated such that it has a high
reflectivity (R ~ 1, silver) on one side and R ~ 0 (black) on the other should set into
motion if it is illuminated isotropically. The commercially available light mills seem
to work in that way. However, their motion is not directly driven by radiation, as
they move into the “wrong” direction. If light pressure is the driving force the vanes
should move in the direction of the normal of the black surface because the light
pressure is higher on the other (silver) side. In fact, the motion stops if the whole
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setup is put into a high vacuum, indicating that the heating of the gas molecules
plays the essential role (— exercise). The direct measurement of light pressure in
the lab requires more sophisticated setups. It has been first done in 1901 by Nichols
and Hull'! and by Lebedev.'? At that time research on light pressure was mainly
motivated by astrophysics. Only with the invention of the laser it became relevant
also for lab experiments.

1.4.1 Ponderomotive force

The Lorentz-force on a particle of charge ¢ is given by (SI units)
F =q[E(r,t) +v x B(r,t)]. (1.260)

This force F' = p is also relativistically correct. In our case we have in mind E and
B making up the electromagnetic field of a laser pulse, that is,

~

E(r,t) = E(r,t) ¢“! (1.261)

and, because of V x E = —0,B,
B(r,t) = ~V x E(r,t), (1.262)
w

but the derivation also holds for longitudinal waves as they occur in plasmas. The
derivation of the ponderomotive force relies on the possibility to separate the relevant
time scales: the “fast” motion on the time scale of the laser period 27/w and a
“secular” (slow) one due to the ponderomotive force. Hence we assume that E(r,t),
apart from containing e~'*7, describes the laser field envelope, having only a “slow”
time-dependence so that 0;B = iwB to high accuracy.

In lowest order the particle just oscillates around its current position ry due to
the electric field (the possible slow time-dependence in Eis suppressed for notational
convenience):

mity = qE(r)e!. (1.263)

The corresponding velocity and position are

L lq n iwt _ q £ iwt
= —%E(ro)e , = —mw2E(r0)e : (1.264)
In the next higher order one has
m’l.“-g = q[(’l"l . V)E(’l"o,t) -+ 7;'1 X B(’r’o,tﬂ (1265)

HEF. Nichols and G.F. Hull, A preliminary communication on the pressure of heat and light
radiation, Phys. Rev. 13, 307 (1901); The pressure due to radiation, Astrophys. J., 17, 315 (1903).
12p. Lebedev, Untersuchungen tiber die Druckkrifte des Lichtes, Ann. Phys. 6, 433 (1901).
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where the electric field has been expanded around 7. So far we used complex fields
and implicitly understood that the real part has to be taken. Now the calculation
becomes nonlinear and this trick is not applicable anymore. Hence we write

miy = q <—4ﬂfw2 (Ee* + E*e) - V(Eet + E*e") (1.266)
+ﬁ(—il¢?e+ FiE'e) x V x (iBe" — iE*e—)>
2
= 1 E-VE"+ExV xE*+cc+ Q)] (1.267)
4mw?

with e* = e“* and ), collecting all terms ~ e*12“! which disappear upon averaging

over a laser period (symbolized by an overline, i.e., for some time-dependent quantity
(f(t)) = f(t) = f where f may still be time-dependent but only on a slower time

scale),
2

mig=——4 _[E-VE"+ExV x E* +ccl. (1.268)
dmw?
Using the identity
CxVxD+DxVxC+C-VD+D-VC=VC-D (1.269)

we finally obtain the nonrelativistic ponderomotive force

q2

4mw?

VI|E(r, 1) (1.270)

Fp:m’i’;gz—

In E(r,t) the position r now refers to the so-called oscillation center. We remind
that the time dependence of the envelope must be “slow” as compared to the laser
period because otherwise the separation of time-scales used in the derivation makes
no sense. The ponderomotive force (1.270) can obviously be derived from the pon-
deromotive potential

q2

Py (r,t) = |E(r,1)|? (1.271)

which is proportional to the laser intensity and independent of the sign of the par-
ticle’s charge: it is always repulsive. Hence all charged particles are expelled from
regions of high laser intensity (e.g., the laser focus). However, owing to the mass m
in the denominator the immediate effect on electrons is much larger than on ions.
The ponderomotive force is inverse proportional to the square of the laser frequency,
meaning that its significance increases with increasing laser wavelength (despite the
fact that the photons become less energetic).

In order for the derivation being valid, the particle must not oscillate “too much”
around 9. More precisely, the conditions read

|’l°1| < ¢, k- r << 1 (1272)
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for an electromagnetic wave and a longitudinal wave, respectively. As a consequence,
(1.271) is not applicable to relativistically intense laser pulses. The analytical ex-
pression for the relativistic ponderomotive force exerted by a plane-wave laser pulse
can be also derived.!?

The ponderomotive potential (at a certain position r) equals the average quiver
energy of the charged particle in the laser field (at that position). In fact, taking 7
from (1.264) yields

U. — 1 = _ ¢ e

pT g = 4mw2’ |

Is there a connection between this mere number U, and the potential ®,? Consider

a spatially finite field structure which leads to ®,. Now, think of a particle injected

into this structure with some kinetic energy W,. While strolling through the field

structure the particle will encounter regions of varying ®,,. In regions of high &, it

will oscillate with larger amplitude (high U,) than in regions of low @, (low U,).

After averaging out the fast time scales, the whole system is conservative so that

W + U, = Wy. This means that the local U, indeed serves as a potential and is just
the @, derived above.

(1.273)

Ponderomotive force of a standing wave

The case of standing waves is of particular interest because standing waves provide
the strongest field gradients possible for a given wavelength. Optical lattices can be
constructed with crossed laser beams. On the lattice sites particles can be trapped.
As the laser parameters allow to tune the features of such lattices, new solid state-like
few and many-particle systems can be studied in a systematic and well-controllable
way.

Let us consider the standing wave

E(r,t) = Ee“!(e7*7 4 *7) = 2Ee“ cos(k - r). (1.274)
Comparing this with (1.261) we identify
E(r,t) = 2E cos(k - r) (1.275)

and can immediately use expressions (1.270) and (1.271) to give

2| B2 2| B2
O, (r,t) = qﬂsz‘ cos®(k - 1), F,(r,t)= qT’szl ksin(2k - r). (1.276)

The ponderomotive force will push the particle towards the nodes of the standing
wave where the field vanishes. Depending on its initial velocity, the particles may be
trapped inside the “valleys” of the standing wave. If we assume that the propagation

13See, e.g., P. Mulser and D. Bauer, High-Power Laser-Matter Interaction, (Springer, Berlin
Heidelberg, 2010).
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Figure 1.10: Trajectories of an electron in a standing laser wave (1.274) (polarized along
ey, propagation directions along e,) that starts at ¢ = 0 from y = 0 and kx = 7/40. The
amplitudes were eA/me = —eFE/mwe = —0.1 (upper left), —0.2 (upper right), and —0.5
(lower). With increasing laser intensity, the electron is able to escape from the “valley” in
which it is released. It can then be trapped temporarily in other valleys (upper right and
lower plot), and the dynamics can be shown to become chaotic.

direction is e, and expand the force around the position of a node, we obtain a
ponderomotive force of the form

2¢%| E?

«“ 1"
Fp valley ~ —QQ.CE, Q2 — -
mc

(1.277)

The trapped particle will thus undergo harmonic secular motion with a frequency
Q) that is proportional to the electric field (which reminds of the Rabi-frequency
in resonant laser-atom interaction, to be discussed later on). However, since the
frequency increases with the field strength, the whole idea of separation of time
scales breaks down at some point. In fact, the numerical solution of the (relativistic)
equations of motion shows that for sufficiently high field strengths the particle may
leave the valley in which it was trapped. The motion can be shown to be chaotic
then. The particle may be temporarily trapped in other valleys, leaving them again,
and strolling around erratically (cf. Fig. 1.10).

It is clear from the ponderomotive force (1.276) that a standing wave pattern
may be used as a grating with a separation of “slits” that is half a laser wavelength
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(Kapitza-Dirac effect). Particles injected perpendicular to the propagation direction
of the two laser beams will be deflected. If the de Broglie wavelength is chosen
properly, a detector on the opposite side will measure an interference pattern.

“Ponderomotive force on a classical dipole in a standing wave

This part has not been discussed in the lecture. It is included here for
the sake of completeness and for the interested students.

Consider two particles both of mass m but with opposite charge 4-¢e in a standing
laser wave (1.274),

E(r,t) = RE“ (e7*7 4 ¢*") = 2 cos(wt) cos(k - 7). (1.278)

The two particles are coupled by a spring of constant D and oriented along the
polarization axis of the laser, e,. The propagation direction of the standing laser
field is along z. The vector potential reads

A(z,t) = A(z)e, sin(wt), (1.279)

where A(z) = —2(E /w) cos kx is a slowly varying spatial pulse envelope.

This is probably the simplest nontrivial model for a neutral system with an
internal degree of freedom. We are now interested in the secular motion of the
center of mass. The particle dynamics takes place in the xy-plane with the particle
positions (x4, y4), (z—,y—). We can choose initial conditions such that (i) the
particles behave identically in z-direction (— exercise) and, (ii),

Y+ = —y- (1.280)

at all times. Then only the distance y, — y_ is relevant (the y-component of the
center of mass remains at rest) and the new coordinates

(= % X=0,=1_ (1.281)
are sufficient to describe the dynamics.
Instead of separating the equations of motion according timescales we will now

average the Lagrangian®?

. . 1 . 1. . .
L(X, X, 0,0,t) = §MX2 + §M£2 —2eA(X, t){ — 2D(? (1.282)

where
M =2m (1.283)

“Note that S = J Ldt is the action. Hence, the time-average of the Lagrangian over one
oscillation period is proportional to the corresponding difference in action (— adiabatic invariants).
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is the total mass. The full equations of motion follow from

oL . 0L

—— =MX, = =Ml-2eA(X,1), (1.284)
0X ol
oL , - oL
as .. . .
mX = —eA'(X,t)l = el[kA(x) coswt — A'(z) sinwt], (1.286)
ml — eA(X,t) = —2D¢ (1.287)
so that
. 2D e 2 - A
(+ — 1 = —[A (X)X sinwt + A(X)w cos wt]. (1.288)
m m
02

In lowest order the two charges oscillate at a constant position X, i.e., X =0 and
the driven harmonic oscillator results:

A(X)w cos wt. (1.289)

- [cos wt — cos Q] . (1.290)

The Lagrangian for the secular motion in X is now obtained by averaging:

EE—— 1. .
L(X, X, 0.0) = gMX? 4 S M2 — 2 A(X,t)( — 2D¢. (1.291)

While £(t) has a fast time-dependence, X(¢) has only a slow time-dependence so
that X = X,

-2 1

T .. 1 - :
“MX2=_-MX =_-MX? (1.292)
2 2 2
and thus . T
L(X,X) = 5MX2 + §Mé2 — 2eA(X, 1)l — 2D?2, (1.293)

i.e., £ and ¢ will disappear due to cycle-averaging.
We assume the oscillator frequency €2 and the driver frequency w to be commen-
surate:

(1.294)

N | —
Wl =
A~ =
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(depending on whether w or € is greater) so that no beating frequencies appear.
Then, using

2 =¢(X), (1.295)
25::%§2@X)[92+-wﬂ, (1.296)
AX 1) = —%g(X)/l(X)w, (1.207)

the secular Lagrange function T = L/2,

— - 1 . w? e A2(X)
L'(X,X)=-mX? - 1.2
is obtained, and the ponderomotive potential
2 2A2(Xx
oy 1) = -2 CAY) (1.299)

w2 —02 4m

can be inferred.

We observe the following: (i) for Q = 0 (i.e., no spring) the standard pondero-
motive potential for the charged particle (1.270) is recovered (E = —wA); (ii) for
nonvanishing 2 the ponderomotive force is enhanced as long as Q < w; (iii) the sign
of the ponderomotive force changes when ) > w, which means that the dipole is ac-
celerated towards regions of higher radiation intensity (so-called high-field seekers);
(iv) for w ~ € the ponderomotive force is large (we ignored damping); (v) for > w
the ponderomotive force tends to zero because the particles are so tightly bound to-
gether that they cannot oscillate in y-direction—and without any fast dynamics in
first order no secular motion results.

The motion of a charged particle in an electromagnetic wave plus a static, homo-
geneous magnetic field yields a very similar result in which the cyclotron frequency
plays the role of the harmonic oscillator frequency above (— exercise).

Some remarks

In the physics of laser-matter interaction, the importance of the ponderomotive
potential is hard to overestimate. In many effects it sets the relevant energy scale, as
we shall see later on. In laser-atom interaction, for instance, U, determines not only
the cut-offs of photoelectron and harmonics spectra but also equals the AC Stark-
shift of the continuum. In laser-plasma physics, instabilities can be understood in
terms of the ponderomotive force.

As a historical side remark it should be mentioned that the ponderomotive force
has been re-invented several times in the literature although it is derived already in
Landau & Lifshitz’s Mechanics volume.

What we did in this Section in order to obtain a potential for the oscillation
center is done in the physics of magnetized plasmas for the so-called guiding center.
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In the same way we got rid of the fast but uninteresting oscillations on the time scale
of a laser period (and twice the laser period), the fast cyclotron motion around the
field lines of a strong magnetic field is eliminated, and what remains is the equation
of motion of the “guiding center”.

The method of separation of time scales was originally invented for the study of
celestial mechanics. This is also where the term secular motion comes from. The
effect of Jupiter on the earth’s motion around the sun, for instance, is negligible on
the time scale of a few years but may have to be taken into account on longer time
scales. One practical advantage of the separation of time scales is for numerical
simulations. Imagine you want to simulate one second of the laser plasma dynamics
using a fluid code. All effects you are interested in happen on the time scale of,
say, microseconds or longer. However, there is this oscillatory motion in the laser
field on a ten order of magnitude shorter time scale. Resolving this with the fluid
code would lead to run-times of years. However, all you need are the secular effects
generated by the laser pulse. The ponderomotive potential comes to your rescue:
there only the laser pulse envelope enters while the time scales of the laser period
(and faster) are adiabatically eliminated.

1.4.2 “*Relativistic dynamics of a charged particle in an elec-
tromagnetic wave

This Section (including Subsections) has not been discussed in the lec-
ture. It is included here for the sake of completeness and for the inter-
ested students.

Let us consider the motion of a particle of charge ¢ and mass m in an electro-
magnetic field of the form

A(r,t) = Aa(n)P(n), n=wt—k-r==k's, A-k=0. (1.300)

Here, A(r,t) is the vector potential of amplitude A, o(n) carries the fast time-
dependence, and P(n) is the slowly varying envelope. The phase 7 is a relativistic
invariant, as it is evident from 7 = k*x, where we use common relativistic notation
(p=0,1,2,3), 2 = (ct,r), k* = (w/c, k), the sum convention, and the metric
g = diag(1,—1,—1,—1). The fields are

E=-0A, B=VxA (1.301)

There are various ways to solve the equations of motion for a charged particle in the
field (1.300). A particularly elegant method is used in Landau & Lifshitz’s Classical
Theory of Fields, based on the relativistic Hamilton-Jacobi equation.

The relativistic Hamiltonian governing the motion of a charged particle in an
electromagnetic field given by the scalar potential ¢ and the vector potential A
reads

H = 2\/m2c2 + (P — qA)? + q¢. (1.302)
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Here, P is the canonical momentum (while p = P — ¢ A is the kinetic momentum).
As in the derivation of the Klein-Gordon equation we square (1.302) and obtain

S 4o = m*e 4 (P~ 4A)” (1.308)

The goal of the Hamilton-Jacobi method is to find a generating function S, called
action, for a canonical transformation to new, constant variables. These constant
variables are then used to fulfill the initial conditions. The action S, depending on
the “old” positions (+ time) and the new canonical momenta (+ energy) has to be
chosen such that

E=H=-05, P=VS§S. (1.304)

Plugging this into (1.303) yields
(0S4 qp/c)?* = m?P + (VS — qA)2. (1.305)
This expression can be written in a covariant manner. Introducing the four vectors
oS = (0uS,—VS)=(=E/¢,—P) = —P* (1.306)

and

At = (¢/c, A), (1.307)
eq. (1.305) can be written as

G (O"S + qAM) (9" S + qAY) = m*c?, (1.308)

We are interested in the dynamics of a charged particle in an electromagnetic
wave and therefore have

A* = (0,A), Ak, =0. (1.309)

With the Ansatz
S = Shtree + Sﬁeld(n) = ﬂumu + Sﬁeld(n) (1310)

where the 3, play the role of the new, constant momenta (4 energy), we obtain

OSheld

0,5 = B+ 0uStiela = By + Oun o

- 5# + kusﬁeld (1‘311>
where S§ 4 = 0,Skela. The Ansatz with Sgeq depending only on the invariant phase
1 but not on space and time separately is crucial. The fact that it works makes the

problem soluble at all.
Plugging (1.311) into (1.308) leads to

(B + uShea + QAL (7" + K Shag + g A") = m2e2 (1.312)
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Making use of k,k* = 0 and A k" = 0, this equation can be solved for Sgeq:

1

Sﬁeld(ﬁ) 28,k
)

/ df (m?c? = B, + g A, (][ + A" ()))  (1313)
and the total action thus is

S = Bt +

QBMk;u/ dn’ (m*c® = [B, + qAu()][8" + ¢A* (1)) (1.314)

= [t +

26, k# / dyf (m*c® — B,0" — 298, A" (') — ¢ Au(n) A*(n))) .

The new, constant four-momentum fulfills
B.O" = m>c® (1.315)

and is given through the initial conditions. The canonical four-momentum is given
by [making use also of (1.315)]

240 - A(n) + ¢ An) - A(n) |,

— _PFG — 1
oS B+ 55k

(1.316)

with a - b = a,b*. The derivatives of the action (1.314) with respect to the s are
constant and give us the trajectory:

n
86_55/; = Tiniy = dn/ (m202 —B-8—2q8-A(0n) — AW - A(n’))
1
—6—/ dif (B, + qA, () (1.317)
= Ty = Tiniy T / ﬁﬂ + qA ( )) (1318)
0

" (298 - A(') + @A) - A(n))

1o

In the last line we used (1.315) again.
We shall now specialize on an electromagnetic wave

A(n) = Aey sinn, k = ke,, (1.319)

ie.,

A" = (0,0, Asinn,0), k= (w/c, k,0,0) = (k,k,0,0). (1.320)

In this case we have

B-A=—FAsing, A-A=-A%sin’y, pB-k=k(@B°—pY,  (1.321)
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(the reader should be careful not to mix up upper indices with powers!) and (1.316)
becomes explicitly

& 2q02 Asinng + ¢2A%sin )
0_% _ _p0_
P=t =7 TEIT DI
QqﬁQfl sinn + q21212 sin®n
1_ _ 1
Pr=p, = -0 - 27— ) , (1.323)
P?=p, + gAsing = —p2 (1.324)
PP=p, = B (1.325)

Clearly, the canonical momenta in y- and z-direction are conserved, and the relation
between canonical and kinetic momentum is included in (1.324).

*Qscillation center frame

We are still free to choose the initial conditions . This is equivalent to choose a
certain reference frame in which we want to study the dynamics. The only restriction
is B+ 3 = m2c?. Let us choose the 3s in such a way that the oscillation center of the
particle is at rest:

1
From egs. (1.324) and (1.325) follows

BE=p=0 (1.327)

so that with

BB =m2c = B0 = —y/m2c® 4 (31)2 (1.328)
(minus sign because & in (1.322) must be positive in the free particle case where
A =0). From p; = 0 and (1.323) we have

26! (ﬁl +/m2 + (51)2> = 2¢B?Asinny + ¢?A?sin® . (1.329)

The cycle average of sinn vanishes while sin®n = 1/2. Equation (1.329) can then
be solved for 3%,

1 q*A?

4 \/m202 + q2A2/2
The sign will be chosen later. The trajectory in the oscillation center frame can be
calculated from (1.318) and reads

8] =

(1.330)

O ey LW AN
cd = ctipi+———<(n—1)+ —/ dn sin®n’, (1.331
k(B0 — ") 2k(B8° — 81)2 /o
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~

ot o= a4 %(n — o) + % /77 dn’ sin®n’, (1.332)
k(B0 = 5Y) 2k (30 = BY)? Uy,
qA L
? = xini2+m/n dn siny/, (1.333)
0
= . (1.334)

The difference of (1.331) and (1.332) yields

n—"No
k

ct —zl = Clini — .Qﬁinil + (1335)

so that
n = wt — kux, No = Wtini — kTini, (1.336)

as it should. Since in the oscillation center x! should only oscillate but not drift,
the term ~ (1 — 1) has to be canceled by the first term of the integral

1 1
/dn sin®n = S sin 27). (1.337)

This is the case if we choose the positive sign in (1.330),

1 2A2
g = ; q . (1.338)
mee + A2
Explicitly, we have
2.2 2A2 4 A
ﬁo __ m’c +q / ﬁo o 51 _ _\/mQCQ + q2AQ/27 (1.339)

\/m202 + 2A2/2

and the trajectory is given by [setting ri,; appropriately and x# = (ct, z,y, 2)]

q21212
r = — - sin 27, (1.340)
8k(m?2c? + q2A?/2)
A
y = d —— 087, (1.341)
k\/m202 + q2A2)2
z = 0. (1.342)

This describes a figure-eight motion in the plane defined by the polarization vector
(e, in our case) and the propagation direction k/k (e, in our case), as shown in
Fig. 1.11. If we define the dimensionless vector potential amplitude as

0= 94 (1.343)
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Figure 1.11: Figure-eight dynamics of a charged particle in an electromagnetic wave,
as seen in the oscillation center frame. The trajectory in the xy-plane, where x is the
propagation direction of the laser pulse, and y is the polarization direction, is shown
for a = 0.5 (solid), a = 1 (dotted), a = 10 (dashed), and a = 100 (dashed-dotted).
As a increases, the amplitudes kZ and kg approach the calculated values 1/4 and V2,
respectively.

we have
k C no k a kz=0.  (1.344)
r = — —F————Sln s = —F—=C0871), z = U. .
s1+a22) T A
— —
T kg

The size of the figure-eight does not increase infinitely as the laser intensity goes to
infinity:

L1 A : 1
lim ki =, lim kp V2, lim Y A 0.177. (1.345)

Note that we only have the orbit parameterized with the invariant phase 1 (which
is proportional to the proper time). We do not know the explicit expressions for
x and y as functions of t. Parameterized with 7, the trajectory looks extremely
simple. In fact, only n and 27 shows up. If n were just wt we could talk about the
fundamental and the second harmonic and nothing else. However, since n = wt —kzx
and x itself depends on t (or n), all frequencies, that is, all multiples of the laser
frequency enter. This has consequences for the radiation emitted by such a particle.

*The adiabatically ramped pulse in the lab frame

We shall now investigate the same situation in the lab frame. We assume that the
laser pulse has been ramped up adiabatically from P =0 at n — —oco to P =1, and
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ky

0.0~ —

-0.5— —

Figure 1.12: Particle motion in the lab frame for a = 1. While oscillating in polarization
direction, the particle is drifting in propagation direction. The laser pulse is adiabatically
ramped up and of constant amplitude afterwards. The particle was initially at rest. Note
that there is no backward motion in z-direction (no loops but spikes).

that the particle starts from rest. Equations (1.322)-(1.325) hold in the lab frame
as well. However, note that four-vectors such as k* change if we switch from one
frame to the other (relativistic Doppler effect). Since it should be clear from the
context in which frame we are working, we suppress explicit indices indicating the
frame.

The initial condition p = 0 for n — —oo implies that f* = %2 = 32 = 0 and
8o = —mec. For the trajectory one finds

_ @ L in9 (1.346)
z = \n—gsin2n), :
y = %cosn, (1.347)
= 0, (1.348)

where we used the previously introduced dimensionless vector potential amplitude
a [cf. (1.343)]. One sees that in polarization direction the particle just oscillates
as before while in laser propagation direction it is drifting. An example of such an
orbit is shown in Fig. 1.12.

There seems to be a contradiction as far as the excursion of the particle in po-
larization direction is concerned: in the lab frame this excursion is just proportional
to a and thus is, in principle, unlimited. In the oscillation center frame the excur-
sion was limited to v/2k, despite the fact that a is the same in both frames. The
resolution, of course, lies in k. With respect to the lab, the laser pulse is red-shifted
in the oscillation center frame.

Finally, we shall calculate the velocity of the oscillation center frame with respect
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to the lab frame. In the latter, eqs. (1.322)—(1.325) can be written as

PO (C/’ 2 Pl - 2
———:1—|—%sin2n, TP TGy pPo=piop, =0 (1.349)

mc  mc? me  mc 2

It is obvious that for our choice of the vector potential, the Lorentz transformation
has to be performed parallel to e, so that

Yoc _UOC'YOC/c O O
Aﬁ — _vocgoc/c /VSC (1) 8 (1350)
0 0 01

with v, the oscillation center velocity we are looking for and v, = (1 —vec?/ 02)*1/ 2,

Applying this transformation to (1.349), i.e., P’ = A*P" gives us

P! v a? a?
= =1+ —sin’ —sin’7. 1.351
e . ( + 5 sin 7)) + 5 i1 ( )
The condition P'* = p.. =0 yields

2

a
oc — 1.352
! 4t+a ( )

This is the velocity of the oscillation center of the particle in the lab frame if it was
at rest before the pulse arrived.

1.4.3 *Relativistic ponderomotive force

This Section (including Subsections) has not been discussed in the lec-
ture. It is included here for the sake of completeness and for the inter-
ested students.

We shall now derive the relativistic orbit of the oscillation center for a vector
potential of the form (1.300). It is desirable to consider the oscillation center as a rel-
ativistic pseudo particle. However, it is a priori not given for granted that the oscilla-
tion center coordinates and momenta automatically “behave” in a relativistic, proper
way. The correct averaging over a laser period is crucial here. The situation is some-
what similar to the relativistic center of mass, which is ill-defined if one naively ex-
tends the nonrelativistic expression and writes R = (>, riv;m;) / (D2, vimu), where
v = (1 —v?/c?)~Y/2 without specifying in which system this expression should be
evaluated. This is easily illustrated by the following example: Imagine two particles
of equal rest mass moving with velocities +ve, in the lab frame, and v very close to
c. The observer in the lab frame will come to the conclusion that the center of mass
(as defined above) is half way between both particles and stationary. Let us now
transform to the reference frame in which one of the two particles is at rest. In this
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frame the other particle will have a so much higher “effective mass” ym > m that
the center of mass will be effectively at the position of this second particle. The two
centers of mass measured by the two observers will not transform properly into each
other by a Lorentz transformation. The ambiguity can be circumvented by defining
the center of mass in the system in which it is at rest. Once determined it can then
be transformed to any other system by a Lorentz transformation.

In the case of the relativistic oscillation center of a charged particle in a laser
field such as (1.300) we are in the fortunate situation to have an invariant phase
1n = k - k over which we can average in an invariant manner. Already in a standing
wave there is not such a single invariant 77 anymore. In the lab frame, for instance,
the two phases 171 = wt — k- r and 1, = wt + k - r show up. In a reference frame
moving along k one of the two waves will be red-shifted while the other will be blue-
shifted, i.e., in this frame there will be no standing wave at all. As in the center
of mass-problem, in such a situation the oscillation center — if existing — has to
be defined in the system where it is at rest, and averaging has to be done over the
proper time.

In this lecture we will restrict ourselves to the relativistic ponderomotive force
in the travelling laser pulse where averaging over the invariant phase 1 can be done
in any frame.

Averaging of (1.316) and (1.318) yields [with 8* = (5%, 3)]

s n—"o q 'A A
oo = T(7) =rm+0 —k /dn A-A, (1.353)
ﬁk Q(ﬁk)Q no
2
By qg°A-A
£ € o AA
L= E_ 15} +k2ﬂ-k" (1.355)

Here, the averaged phase 7 is given by
N=wt—k- o (1.356)
The rest mass of the new pseudoparticle called oscillation center is given through
PocPocy, = M?E*, poc = (Eoc/ €, Poc)- (1.357)

For consistency, this mass has also to fulfill

v o\ —1/2
Poc = fYOCM,vOC7 Voc = 7"00, Yoc = (1 — O; ) . (1358)
C
For the velocity one finds
drec — kI
Voc = (w — k- ’UOC)dLﬁ = (Ld — k- vOC)Bﬂ—.k (1359)
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where the abbreviation )
g°A- A
I = 1.360
55k (1.360)
has been introduced. In order to solve (1.359) for v,. we decompose the oscillation
center velocity and 3 in components parallel and perpendicular to k,

k k
Voc = Uoc||E + Voc 1, /6 - BHE + ﬁJ_' (1361)
This yields
P — kT BL
Yoell = 30— o1 Yool =W g pap (1.362)
and 8 _ kT
Yoe = — — - . (1.363)
\/m ce — QkF(ﬁ — ﬁH)
In the same way we decompose pqc,
k
Poc = poc”E + Poc 1 (1364)
with (1.354) leading to
pOCH = —ﬁ” + kfr, Poc| = —ﬁL. (1365)
We then obtain '
pocupocu = ﬁ : B - q2A A= M2C2 (1366)
so that, using 3 - 8 = m?2c?, the mass of the oscillation center is given by
1 _
M= - 22— ?A - A, 1.367
Smee =g (1.367)

It is left as an exercise to the interested reader to check that this mass is indeed
consistent with poe = Yoc MVoc.

Another check is the following: if we transform to the system moving with v,
the energy &’ in this system should be simply Mc?. The transformation reads

(c:, goc oc " Moc
o~ ( . u) . (1.368)
C

c C

Using (1.355), (1.363), and the decompositions for v,. and p,. above, one readily
checks that indeed
E.=Mc. (1.369)

The relativistic oscillation center pseudo particle possesses a rest mass which is not

a constant but depends on the phase 77 and thereby on space and time, that is, a
mass field.
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What remains to be calculated is the ponderomotive force

: d
Fp = Poc = (w — k’UOCH)d—ﬁpOC. (1370)
Using (1.354) and (1.360) one obtains
E wg? d—
F=————-—A A 1.371
P k2(B — kD) dy ( )
The Minkowski force q
FY = —p.. = 7o F, (1.372)

P dr
(where 7 is the proper time) assumes a particularly simple form. Using (1.363) (note
that the denominator of v, is proportional to M) and

d 1
—=—--V 1.373
dn k ( )
one obtains
F)'=-VE& =-VM. (1.374)

The phase-dependent rest mass is the origin of the oscillation center motion. In the
nonrelativistic case we saw already that the local quiver motion gives rise to the
ponderomotive potential. Relativistically, this quiver motion is included in the rest
mass of the oscillation center.

*Example: sin’-pulse
Let us consider a pulse envelope of the form
P(n) =sin’(en), 0<e<1 (1.375)

which may describe a pulsed laser beam in which one pulse lasts from n = n7 /e to
n=(n-+1)r/e with n =0,1,2,.... At time ¢t = 0 the particle is assumed to be at
rest at » = 0 so that

8 =0, Y = —me. (1.376)
Equations (1.353) and (1.354) become in this case
2 A2
A 3_ 1 . L.\ k
Too = T3ap (gn I sin(2en) + 35 sin(4en) T (1.377)
2 A2 k
Poc = (imc sin4(eﬁ)z. (1.378)

The relativistic ponderomotive force (1.371) is

: wme a? d
F = — sin’(e7j 1.379
= () g s (1.379)
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Figure 1.13: Electron trajectory for a = —0.5 and € = 0.01. Polarization and propagation
directions are e, and e, respectively. The displacement after the first pulse agrees with
formula (1.380) (which yields k - roc; = 7.36 in this case).

where @ = gA/mec has been used again. In the nonrelativistic limit |a| < 1 the
nonrelativistic ponderomotive force (1.270) is recovered (using (1.373) and A% =
E?/w?). From (1.377) we can immediately infer the displacement of the particle
after the first pulse:

a’3_ k T
oc] = —n -, n, = —. 1
Toc1 4k8n1k U5 c (1.380)
Figure 1.13 shows the trajectory of an electron for a = —0.5 and ¢ = 0.01 during

the first pulse, confirming formula (1.380).

1.4.4 Optical Bloch equations

We now turn to a quantum treatment of radiation forces on neutral atoms. To that
end we need a non-perturbative approach in the external field because weak fields
have not much of a mechanical effect. In fact, we need to saturate atomic transitions.
It is also essential to allow for photon emission in previously unoccupied modes. On
the other hand, the external driving field can well be described classically.

To simplify as much as possible we consider a single atom at position R = 0
with a ground state a and a discrete state b with energy hAwg above a and natural
width I'. The Hamiltonian

H:HA+HR—d- [E(O,t)—f-EL(O)] (1.381)
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consists of the atomic part Ha, the radiation part Hg, and the coupling to the
classical external field E(0,t) and the quantum radiation field E, (0). The dipole
operator is d = —er. The external field is supposed to be monochromatic,

E(0,t) = Ecoswit (1.382)

with a laser frequency wr, ~ wy close to resonance.
In general, the von Neumann equation for a density matrix p reads

ihp = [H, pl. (1.383)

We are dealing here with the density matrix of the atom o = Tr,,q p (radiation field
degrees of freedom traced-out). If there was only the classical external field this
density matrix would evolve according

iho = [Hy —d- Ecoswit,o] if E (0)=0 (1.384)

(and the dynamics could also be described without resorting to the density matrix
formalism). With
Hy = E, |a) (a| + Ey |b) (D] (1.385)

and A
B = —du B, du = (ald ) = (ld]a) (1.386)

(we assume dg, = (a|d |b) to be real) we find for
Oaa = (alo|a), ow=(blo|b), ow=/{alo|b), ow = (blo]a) (1.387)

the differential equations

ow = 10y coswrt (Opg — Oap), (1.388)
Oaa = —iQicoswrt (Opg — Oap), (1.389)
Oap = lwooa, — i1 coswit (opy — Oaq), (1.390)
Opa = —lwoop, + 1825 coswit (opy — Oaq)- (1.391)
Here,
Wo = Wha + Apa (1.392)

where Ay, are possible level shifts due to the presence of radiation. €2 is the Rabi
frequency.

On the other hand, the evolution of the density matrix ¢’ for a two-level atom
interacting with an initially empty radiation field can be solved.'> This is spon-
taneous emission discussed previously, but now expressed in terms of the density
matrix. We denote the rate (1.70) in what follows by I',

r=Ws, (1.393)

15See any quantum optics textbook.
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The diagonal elements of ¢’ fulfill the rate equations

d’lbb = —FO’lbb, (1394)

000 =0, (1.395)

describing the exponential decay of the population of state b down to state a. The
nondiagonal elements (so-called coherences ) evolve according

0'pa = —iwyoy, — §a;m, (1.396)

r
300 (1.397)

, . ’
O'qp = W0 4 —

As the degrees of freedom of the quantized electromagnetic field (which allows for
spontaneous emission) are traced-out a density matrix description is required.'6 Tt
is not possible to find an atomic Hamiltonian alone (even if we allow for complex
eigenenergies so that the Hamiltonian becomes non-Hermitian) which reproduces
the Bloch equations we discuss in the following.

We now combine Egs. (1.388)—(1.397), assuming that the modification of spon-
taneous emission due to the presence of the external field is low. This is true as long
as

Ql < Wwp. (1398)
We obtain!”
é'bb = 191 COSWLt (O’ba - Uab) - FO’bb, (1399)
(Taa = —in COS th (Uba - Uab) + FO’bb, (1400)
r
Oap = 1woogy — i coswrt (0w — Oaa) — 5 0ab, (1.401)
r
(j'ba = —i(UOO'ba + 191 COS th (Ubb — O'aa) — §O'ba- (1402)

Note that d(ow + 04q)/dt = 0.
For the two-level approximation to be valid at all we also must have

|wr, — wol < wo, (1.403)

i.e., the incident radiation has to be close to resonance.

16The atomic system alone is an open system.
17Contributions ~ wy due to H4 have to be taken into account only once!
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Rotating-wave approximation

Equations (1.399)—(1.402) are still quite complicated because of the explicit time-
dependence. In the following we will simplify this set of equations.
As d has only nondiagonal terms we may write

d = duy(|b) (a| + |a) (b]) =: ds +d_, (1.404)
d:l: = dabS:b S+ = |b> <Cl|, S = |Cl> <b| (1405)

S. are the raising and lowering operators from state a to b and wice versa. The
interaction with the external field can be expressed as

A 1 . . . .
—d - Ecoswpt = 5h91(8+e_1“’Lt + 8 et + S et + S e, (1.406)

The first two terms describe the resonant processes where the atom makes a tran-
sition from the lower state a to the higher state b upon absorption of a photon and
a transition from the upper state b to the lower state a upon emission of a photon,
respectively. The last two anti-resonant terms will be neglected. This is called the
rotating wave approzimation.

Instead of (1.399)-(1.402) we then have

Q

dbb = ié(aba ei‘“Lt — Oab e*ith) — FO’bb, (1407)
- ’Ql iwrt —lwrt
Oaa = _17(0bae M= oge ) + Doy, (1.408)
Q. r
dab = inO'ab — 171 el‘”Lt (O'bb — Uaa) — §O'ab, (1409)
QO . r
Oba = —1woOpe + i71 e L (oyy — Oaq) — §O'ba. (1.410)
Introducing
a-ba = Oba eith’ OA-ab = 0Oab e—ith’ &aa = Oqa, a-bb = Opb (1411)
we obtain the explicitly time-independent Bloch equations
. Q
O = 171(61;@ — Gap) — Lo, (1.412)
: RV . .
Oga = —17(0'1,@ - Uab) + Do, (1.413)
: Q r
Oap = —i0LGa — i (00 — Fua) — 50w, (1.414)
: Q r
Oba = i0LOba + ié(&bb ~ Gaa) = 0% (1.415)

where
5L = WL, —Wo (1416)
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is the detuning between the photon energy of the incident radiation and the atomic
transition.

We observe that it is €2; that couples the coherences &4, 73, to the populations
Caa, Opw- This is because of the coherent nature of the driving field. The relative
phase between the atomic dipole expectation value (d) and the external driver de-
termines whether photons are absorbed or emitted. This will become clearer below.

Bloch vector

Defining the three components of the Bloch vector
. . . . . .
u= §(aab + 0ba), v = E(Uab — Oba), w= é(abb — Oaq) (1.417)

Eqgs. (1.412)—(1.415) can be rewritten as

r
U = Opv— St (1.418)
. r
v = —dpu— Quw — 5 (1.419)
: r
w = Qu-—Tw-— 5 (1.420)
Three components are sufficient because of d(dy, + 4,)/dt = 0. Obviously, w = 1/2
if the system is in state b and w = —1/2 if the system is in state a. For values in

between it is in a superposition. But how can v and v be interpreted? To that end
we consider the dipole expectation value,

(@) = Tr(od) = (alod|a)+(blod |b) = (a|o(|a) {a| + |b) (b])d[a)+(blo(|a) (al+[b) (b])d [b)

1
= dop(Oap + Oa) = dap(Gap € 4 G €798 = 2d gy (u coswrt — vsinwrt). (1.421)

Hence, u and v are the components in phase with the driving laser ~ coswyt and
7/2 out of phase ~ —sinwyt = cos(wrt + 7/2) (“quadrature phase”), respectively.

Every two-level system can formally be mapped to a fictitious spin 1/2-system.
In fact, one can show that the system under study, i.e., a two-level atom in the
presence of a classical driving field plus the quantum vacuum behaves like a spin-
1/2 in crossed magnetic fields Bpe, and 2Bje, coswyt where the role of the Bloch
vector components is played by the expectation values of the spin components (—
exercise).

Evolution of average atomic values

We are now ready to calculate observables such as populations or the mean dipole.
Moreover, we can evaluate mean forces on the atom, which is our main goal, as we
are interested in mechanical effects of light in this Section.
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The Bloch equations (1.418)—(1.420) are a set of linear differential equations with

constant coefficients. The general solutions are superpositions of exponentials e~
Let us investigate some limiting cases

1. For weak (€2, — 0) but exactly resonant (d, = 0) driving one has

U

w

T
= 2“7
r
= ——Uj
2
r
= —Tw-——
w 2,

r)\t

(1.422)
(1.423)

(1.424)

describing a purely damped system without any oscillation (— exercise). Thus
at very low intensities'® spontaneous decay dominates, the components u and
v of the Bloch vector shrink to zero, and w — —1/2, i.e., the atom ultimately
will be in the ground state.

2. For strong resonant driving €2; > I', é;, = 0 we have pure Rabi-oscillations.
In fact, (1.418)—(1.420) read in lowest order

or

, r

U = —=u
2 )

VU= —Qlw,

w = QIU,

W+ Qw = 0,

(1.425)

(1.426)
(1.427)

(1.428)

and the difference in the populations of levels a and b indeed oscillates with

the Rabi-frequency.

3. The steady state solutions u, v, w follow from

One finds

w +

]

1
2

0

0

r

00— S,
—61,0 — W — E@,
2
r

2o —Tw - .
0 &
2 0f +(I'?/4) + (3/2)
0 r/2

2 82+ (I2/4) + (9}/2)°

02 1

T R () £ (B/2)

18Remember that 2 is proportional to the field amplitude.

(1.429)
(1.430)

(1.431)

(1.432)
(1.433)

(1.434)
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Here we observe the following:

(a) For ¢;, and I' fixed, @ and v increase linearly in €2; for small Q; and
approach zero for large €. Hence, because of (1.421) the mean dipole
goes to zero for strong driving.

(b) The population &y, starts to increase quadratically with €; and ap-
proaches 1/2 for large ;. This means that strong driving equilibrates
the populations equally over the two levels.

Energy balance

The work done by an electromagnetic field (with electric field E) per unit time on
a charged particle (charge ¢) is

dw
= _4E-v. 1.435
o — B ( )

The energy W is absorbed by the charged particle, which in our case is the elec-
tron bound inside an atom. We plug-in the corresponding quantum mechanical
expectation values, i.e., with ¢(r) = (d),

d ~ .
<d—V;/> = FEcoswit - (d). (1.436)
Using (1.421) we have
dw - .
)= E coswrit - 2dpwr,(—usinwr,t — vcoswrt). (1.437)

Averaging over a laser cycle yields

<%> = —E dypwv = i, (1.438)
showing that the absorption of energy is governed by the out-of-phase component
v of the Bloch vector. In fact, the velocity of a free electron is 7/2 out of phase
with respect to the driving electric field so that E-v = 0, i.e., no laser energy is
absorbed by free electrons.

Dividing (1.438) by Awy, we obtain the mean number of photons absorbed

<%> = 0. (1.439)

The third Bloch equation (1.420) can thus be written

. dN r
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With w + 1/2 = oy, this turns into
dN
o = — ) — Loy, 1.441
w= (" )~ Tou (1.441)
which is the expected rate equation: the population of the excited state b occurs via

absorption of photons from the external field while the decay is due to spontaneous
emission with rate I' and proportional to the population in the excited state. In the

stationary situation -
dN
— ) = Doy, 1.442
< ” > b (1.442)

The right hand side tells us how many photons are emitted spontaneously per unit
time. We know already that in saturation &, = 1/2 so that

dN I
- — 1.443
< dt >sat 2 ( )

(— this has been already used in one of the exercises).

Radiation forces on the atom

We now allow the atom to move. The Hamiltonian (1.381) needs to be modified
by incorporating the center of mass (total mass M) at the position R and the
corresponding momentum P,

P2
H:W+HA+HR—d-[E(R,t)—i—EL(R)]. (1.444)
The Heisenberg equations of motion for the center of mass read
OH P . . OH
= p=1 FP=MR=-——5= j;zdjVR[Ej(R, t)+ E;(R)] (1.445)

so that with Ehrenfest and (R) = 7.

M7, = " (d;Vr|[E;(R,t) + E;(R)]). (1.446)

J

In order to evaluate the right hand side we need to make additional approxima-
tions.

1. We assume that the de Broglie wavelength of the atom is much smaller than
the wavelength of the external field,
h
M,

A = <\, (1.447)

where v, = |F|, so that we can write r, for the argument in the external field
on the right hand side.
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2. It can be shown that the electromagnetic field generated by spontaneous emis-
sion cannot exert a force on the atom itself (self-force). Hence, the second term
in (1.446) is zero so that

Mi'e = (d;) Vi Ej(re, t). (1.448)

J

3. An upper limit for the internal time scales of the atom is determined by T}, =
max{Q;*,~!}. We will only consider atoms with velocity v, slow enough so
that |ve|Tine < A. This is the “usual” case, for we will see later on that the
external time scale over which the velocity changes is given by Teyy = A/ Erec
with Fle the recoil energy Fi. = h?k?/2M. In the classical treatment of
the ponderomotive force in Sec. 1.4.1 we made the same assumption: the
oscillation center does only move small distances < A during one period of
the rapidly varying external field.

As we are able to separate the time scales T}, and T, we can safely assume
that the mean dipole (d) has always time to reach its steady-state value so
that we can use the above derived expression for (d). If an atom has an initial
velocity v, we can transform to its rest frame in which the external field will
be Doppler-shifted.

We now analyze the force (1.448) on an atom located at r. = 0 and allow the
field amplitude and phase to vary in space,

E(r.,t) = eE(r,) coslwrt + o(rc)]. (1.449)
Here, for simplicity we keep the polarization vector constant and set
»(0) = 0. (1.450)
For (1.448) we need
VE; = ¢j[coswit VE —sinwt EV¢) (1.451)

where all V are with respect to 7. and all terms are evaluated at r. = 0. For (d;)
we employ (1.421) evaluated with the steady-state Bloch vector components @ and
v,

(d;) = 2(dg);[ucoswrt — Usinwrt]. (1.452)

Plugging this into (1.448) and averaging over a laser period yields the force

F = Z (d;)VE; = Z 2(dgp)jucoswrt — Usinwrt|e [coswyt VE —sinwt E’ng]
J

J

= dg,-€ [UVE 4+ 0EV ). (1.453)
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The first force term we call the reactive force,
Flns = doy - € UVE. (1.454)

It is proportional to the component # in phase with the driving radiation field. The
second force term we call dissipative, as it is proportional to the out-of-phase Bloch
vector component v,

Fus =dy, - € 1EV . (1.455)
Using the Rabi frequency A
Q= —duw-€ E/h (1.456)
we can write
Freact = —thﬂ o, Fdiss = —thﬁ B (1457)
where vQ
o= Ql, B8 =Vg¢. (1.458)
1

Dissipative force: radiation pressure

For a plane wave ¢(r.) = —kg, - 7. so that
E(r.,t) = eE cos(wit — ky, - 7). (1.459)
Because VE = 0 we find
a=0, B=Vé=—k, (1.460)

and thus
F,..t =0, Fyios = R 0ky,. (1.461)

From (1.439) we know (dN/dt) = Qv so that in saturation

Fyos =( — ) hk 1.462
d < dt >sat - ( )

which can be interpreted in a very straightforward way: the momentum carried by
the absorbed photon is hky,. If it is re-emitted by stimulated emission the atom does
not gain any net momentum and the photon is added to the external field again.
Instead, if it is re-emitted by spontaneous emission the net momentum gain is—on
average—hky, because spontaneous emission is equally likely in two opposite direc-
tions. In this case the photon is taken away from the incident radiation and added
to the quantized field E,. This loss of photons in the incident beam is precisely
what is described by ‘%>SM in the steady-state regime. The force exerted by pho-
tons being absorbed (or without preferred direction re-emitted) is called radiation
pressure force or resonant scattering force.
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Using (1.442) we can also write
Fiiss = Towhker, (1.463)

and with (1.434)

o 1 r 02/2

LR T2 (1.464)

Fiss = hki T’ .
‘ - 207 + (I?/4) + (Q2/2)

The dissipative force Fyis as a function of the laser frequency wy, = o, + wp is a
Lorentzian centered at wy, = wy with a FWHM of /T2 4+ 2Q2. At low intensity it is
proportional to Q7 (and thus to the intensity itself). For strong driving it saturates
at
r

Fdiss,sat - hkL 57 (1465)

and does not increase further with increasing laser field strength.
For the sodium atom Na and its yellow line we obtain an acceleration

a = | Fuiss.sat| /M (1.466)

of 105m/s? ~ 10°g.
We can now also show why the external time scale is given by Tey = h/Frec -
Once the atom moves with a velocity v,, such that the Doppler-shifted frequency is

out of resonance,
kv, ~T (1.467)

it will not be further accelerated. We take T,,; as the time during which the atom
is accelerated up to this velocity:

hkr, T r
- Text =Um = 7 (1468)

Texg__
et T2 i

where in the last step (1.467) was used. Hence

oM  h
- (1.469)

Tex = )
"Rk Ere

confirming the estimate made above.

Reactive force: dipole force

We need VE # 0 in order Fie, ¢ not to vanish. It is thus necessary to superimpose
different ki,. The simplest situation is that of a standing wave studied already in
Sec. 1.4.1. We assume ki, = ke, and add another wave with wave vector —ki,.
Both waves are assumed to be polarized in z-direction so that

E(r.,t) = e, E cos kpz coswit. (1.470)
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According (1.457),
Freact = _hﬂla «, (1471)

F.c.ct is proportional to the in-phase component @ of the Bloch vector. On the other
hand, the number of absorbed photons is ~ #, showing that the reactive force does
not involve the net absorption of photons. How is it then possible that there is an
effect on the atom at all?

The key to the understanding why an atom can be moved without a net absorp-
tion of energy by the atom is to realize that as soon as we have a superposition of
modes describing the incident external field, the atom may redistribute photons. In
the standing wave case the atom may absorb one photon from one beam and emit
it into the other beam. Energy is conserved in such a process while the momentum
of the atom changes by +2hky..

Substituting (1.432) into (1.471) we obtain

Feoce = —hQ O oL Viy __ hd vy
react — 1\2 5% + (F2/4) + (Q%/Q)j 0 - 4 5% + (F2/4) + (Q%/2)

(1.472)
We discuss this expression in the following;:

1. We see that for a red detuning d;, = wy, — wp < 0 the force (1.472) attracts
atoms to regions of higher intensity.

2. For a blue detuning d;, = wi, — wp > 0 the force (1.472) repels atoms from
regions of higher intensity.

3. This is the same behavior we observed for our model of a classical dipole
in Sec. 1.4.1 if we identify the oscillator frequency () there with the atomic
transition wy and the driver w with wy. However, note that the functional
dependence is different.

4. Both for the limit  — 0 in the classical case and wy — 0 here the dipole/atom
is repelled from high-intensity regions (blue detuning).

5. For which detuning dy, is the force |Fieact| maximum? One easily checks that
the optimal detuning is on the order of |{2;] so that

hV Q2
0

| Freges| ~ ‘ ~ V. (1.473)

Contrary to the dissipative force (1.465) the reactive force does not saturate
but increases further with increasing driver. As the maximal gradient is on
the order of the wave number one obtains

|Freact| ~ hkL Qh (1474)
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which describes the absorption and stimulated emission of photons at a rate
2;. This may be compared to the expression (1.465) for the dissipative force
where photons are absorbed and spontaneously emitted with a rate on the
order of T'.

6. The force (1.472) has a potential U,

Fieooy = —VU (1475)
given by (— exercise).
hor, Q2/2
=— In|l+5—"——]|. 1.4
U 5 n[+5i+(r2/4) (1.476)

7. The reaction force (1.472) is also called dipole force.



Chapter 2

Condensates, superfluids, and
clusters

In this Chapter we study ensembles of atoms. It depends on the atomic properties
and the thermodynamic variables such as pressure, temperature, and the particle
number whether an ensemble of atoms aggregates to molecules, clusters, crystals etc.
or to more exotic types of matter like a Bose-Einstein condensate (BEC) or a super-
fluid. The two latter ones are particularly fascinating, as they display macroscopic
quantum phenomena. BECs are produced using the traps and cooling techniques
discussed in the experimental part of this lecture.

2.1 Bose-Einstein condensation

The BEC is the simplest macroscopic quantum state. In 1924 S.N. Bose wrote to
Einstein, describing his idea to treat the black-body radiation as a gas of identical
particles, namely photons. Einstein realized that this idea should also be applicable
to massive particles.

In this Section we follow the book by J.F. Annett.!

2.1.1 Reminder: Bose-Einstein statistics

Ny identical Bose particles can be distributed among M, available quantum states
in

We="Nraz -1

(2.1)

ways. This is easy to understand if one counts the possibilities to arrange N, particles
in M boxes (see Fig. 2.1). As there are M, — 1 walls we have (N, + M, — 1)!

LJames F. Annett, Superconductivity, Superfluids and Condensates (Oxford University Press,
Oxford, 2010).

69
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1 2 Ms

Figure 2.1: Bosons in quantum states 1,2, ... M.

ways to order the particles and the walls. Because both particles and walls are
indistinguishable we have to divide by N,! and (M, — 1)!.

Consider a box of volume V' = L,L, L, and periodic boundary conditions. The
wavefunctions of the particles are of the form

LT
r)=—=e"" 2.2
(r) N7 (2.2)
with ) ) )
TNy 27N, 2mn
k= Z g z ewe=0,1,2 ... 2.3
(vaLy7Lz)7 n,y7 ) Ly 4y ( )
The number of quantum states within an infinitesimal volume d3k is
Vv
d*k 2.4
o 4 (24)
and their energy reads
h2k?
= , 2.5
k 2m (25)
The number of states in a thin shell of thickness dk, is
Vv
M, = 47k? 6k, . 2.6
m S (2'/T)3 ( )
Expressing k2 and 0k, by €, = €, leads to
M = Vyg(es) des (2.7)

with the density of states

m3/2

g(e) = NPT Ve (2.8)

In order to derive the Bose-Einstein distribution function we want to maximize
the entropy

S =kglnW (2.9)

with W the number of available microstates for a given total energy E. If we know
that Ny Bose particles are in shell s, the number of available microstates is the
product of the number of states available in the shells,

N, + M, —1)!
LV:IIWQ:IIS%EML_lﬁ. (2.10)
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With Stirling’s formula In N! ~ NIn N — N follows for N, and M, > 1

S=kplnW = kg Y {(N,+ M,)In(N, + M,) — N,In N, — M,InM,}.  (2.11)

The entropy has to be maximized in a way keeping the total number of particles
N=>"N, (2.12)

and the given total energy

U=> €N, (2.13)

constant. Introducing Lagrange multipliers —kg( and kg(u we have

oS oUu ON
ON. k‘Bﬁa—Ns + kBﬁuaNs =0 (2.14)
which gives
In(Ns + M) —In Ny — Bes + B =0 (2.15)
and N .
® (2.16)

M, T Blem) — 1
This is the average number of Bose particles occupying any single quantum state of
energy € = €5 and follows the Bose-Einstein distribution (BED)

fer(e) = W' (2.17)

Using the first law dU = T'dS — PdV + pdN one can show (— exercise) that
B = 1/kgT and p is the chemical potential.

2.1.2 Phase transition

Despite the fact that the Bose-Einstein ideal gas is non-interacting, it displays a
phase transition! This is remarkable, as it does neither occur for the classical ideal
gas nor for a Fermi-Dirac gas. The BEC phase transition is one of the examples
where the particle statistics has astonishing observable effects [another one being,
e.g., magnetism (— Heisenberg exchange operator)].

Phase transition means that thermodynamic variables make an abrupt change
at a certain critical temperature T,.. In a gas-liquid phase transition, for instance,
“condensed” particles (in droplets) coexist with gas particles. Liquid and gas are
separated in position space. In BEC it turns out that particles separate in momen-
tum space. The condensed particles occupy the zero-momentum state, the other,
“normal” Bose-Einstein gas particles have finite momentum.
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The number of Bose particles in the box is

1 V 1 5
N = ; eBlen—p) — 1 - (27)3 / oBlen—n) — 1 d’k (2.18)

so that the particle density as a function of temperature and chemical potential
reads

1 1 , ©
TL(CF7 ,LL) = (27_[_)3 / eﬁ(fk*ll) ] d k’ = /0 mg(ﬁ) dE (219)

with g(€) given in (2.8).
What we need is (7, n). Introducing the fugacity

z =t (2.20)

and
x = (e (2.21)

one can write

(mkgT)>/? /°° ze mkgT\*?
=~ -7/ —_— de = | ——= 2.22
a2k S, T—zes Vade = (55 932(2) (2.22)

where
(o)

P
=32 (2.23)
p
p=1
It can be shown that the series converges for |z| < 1 and diverges for |z| > 1.
Especially,
gora(1) = C(3/2) = 2612 224)

with ((s) = > 2, 1/p® the Riemann zeta function.

dgsa(z) 1= 2P

BT DT (2:25)

p=1

diverges at z = 1. It thus looks as depicted in Fig. 2.2
From (2.22) we see that

2rh? \ %
wa () = () 0 220

For low densities or high temperatures the right hand side is small so that on the
left hand side we can expand gs/2(2) ~ z + - - - and obtain

3 kaBT
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Figure 2.2: Function g3/2(%). The first derivative diverges at z = 1.

which is the well-known chemical potential for the ideal gas.

Because the expression in the brackets is > 1 at high temperatures or low den-
sities the chemical potential is negative in this regime. Upon cooling, the chemical
potential increases and becomes zero at the critical BEC temperature

2mh? n 2/3
T, = ( > . 2.28
kpm \2.612 (2.28)

Now the big question is what happens when we go below T.. Einstein realized
that in the limit 7' — 0 all Bose particles occupy the ¢, = O-state. In the thermo-
dynamic limit where N,V — oo but N/V =const this means that infinitely many
particles end up in the ¢, = 0-state. The number of particles in this state is

1
Ny = eBu _ 1 (2.29)
which, for large Ny means that
kT n (14 — kT Y020 (2.30)
= — n — | ~ —kgT— — 0. :
H B Ny B Ny

If a finite fraction of the total number of particles is in the ground state then y — 0
as V, Ny — oo. Therefore, below T, the chemical potential remains zero.

We now treat the density of the particles in the ground state separately because
the continuum approximation for the sum over k actually does not apply for k = 0
(— exercise). We then have with =0 (i.e., z = 1)

|
N=No+), g (2.31)
k0
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and ( )3/2
mkgT o e®
For T' < T, one finds
e T\ 32
n =ngy+ 2.612 (%) =ny+n, (2.33)

where ng is the condensate density and n,, is the density of the “normal” Bose gas.
The fraction ng/n can be written as

mo <Z)3/2_ (2.34)

The total internal energy density u is

& 3/2 ) —z
u= [ et de= Do [ R (239
For T' > T, one obtains
3 952(2)
= kT 2.36
2% gya(2) (2.36)

which, in the high-temperature limit goes to (3/2)kgT" because both gs/»(2) and
gs2(2) — z for z — 0. Thus we recover the ideal gas behavior in the high-
temperature limit where the statistics of the particles involved is not important
anymore.

For T' < T, one obtains
. 3 T5/2 95/2(1)

2708 gy 5(1)

u (2.37)

with gs2(1) = ¢(5/2) = 1.342.

2.1.3 BEC in ultra-cold atomic gases

“He becomes a superfluid but is not a BEC because the interactions between the *He
atoms cannot be neglected. It took till 1995 for a BEC to be realized. In order for
the non-interacting gas assumption to be valid one needs a dilute sample of atoms.
However, (2.28)

P

27Th2< n )2/3 (2.38)

2.612

indicates that a low density will decrease T,, which makes it harder for the experi-
mentalist. In fact, we have

- k:Bm

Niqu. He = 2 X 10%2em ™ >> npp atoms =~ 10" — 10" cm ™ (2.39)
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where 7Ry atoms 18 a typical density of alkali metal atoms in the trap in actual
experiments. The first atomic BEC was achieved for the heavy 8"Rb alkali metal
atoms. Unfortunately, T, drops with increasing mass as well so that a dilute ensemble
of rather heavy atoms seems a hopeless candidate for BEC. In fact, (2.38) shows that
T, for 8"Rb should be about 1076 — 1078 times smaller than the 7. = 3.1 K for *He (if
it was non-interacting). Hence, one expects T in the range of 10 nK —1 pK for dilute
atomic alkali gases in traps. Employing cooling and trapping techniques based on
lasers and magnetic fields it is nowadays possible to achieve such low temperatures,
as discussed in the experimental part of this lecture.

An atom consists of electrons, protons, and neutrons. So how can such an object
made of fermions be a Boson? Alkali metal atoms have a single valence electron.
Hence, the electronic spin is S, = 1/2. As a consequence, the nuclear spin must
be also half-integer in order for the total spin being integer and the whole system
bosonic. We thus need an odd number of protons plus neutrons. ’Li, *Na, and
87Rb have nuclear spin S, = 3/2. The total spin is

3 1 3 1
5—2 2—1 or 5—2 2_2. (2.40)
If both total spins are present in the Bose gas it is a mixture in which S = 1 atoms
are distinguishable from the S = 2 ones.

How can such atoms be trapped and cooled? We employ the Zeeman splitting
of the energy levels with different magnetic quantum number Mg. For the S = 2
atoms there are the five states with

Mg =2,1,0,—1,-2. (2.41)

In order to construct them we start from the state

31
S=2,Mg=2)=|=,= 2.42
where on the right hand side we used the uncoupled spin states |Mg,, Mg_). Using
the ladder operator

S_|M)=+/S(S+1)—M(M—1) |M —1) (2.43)

and S_ = S‘n_ + S‘e_ we find
A A ~ 131
S, ’SZZ,MS:2> = (Sn—l-Se) ‘§,§>

3 5 3 113 1
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2
1 11 3 1

Applying the ladder operator three more times we obtain

11 3 1
=2|5=2 =1 = — = -z
S =2, Mg =1) \/5‘2,2>+’2, >

soaaneo = LD AN es
1S =2, Mg=—-1) = % (x/ﬁ ‘—%—%> + '—; %>) , (2.46)
1S =2, My = —2) — ’—g—%> (2.47)

For the S = 1 states one finds

S=1,Mg=1) = %(’%%>—\/§'%—%>) (2.48)
B R
1S =1, Mg = 1) — 1(‘ % > 3’-%%» (2.50)

The degeneracy of S = 1 and S = 2 states is removed by the hyperfine interaction
J between the electron and the nucleus. In the presence of a magnetic field B = B, e,
the degeneracy with respect to Mg is also removed,

H=1JS, S, +2us5..B.. (2.51)

Here ug = eh/2m, is the Bohr magneton and 2up is the magnetic moment of the
valence electron. For B, = 0 we find using

A . _1 G2 &2 Q2
Se-Sn—2<S 3?2 Sn> (2.52)
the eigenenergies
1 1/1 3/3 3
FEgog=—JR<22+ 1) —=(=4+1)==(Z+1) = "Jr%. 2.
sa= 1 {<+> 2(2+) 2(2+)} % (2.53)
and
1 1/1 3/3 5
Feq1=-JrP11+D)—=(=41)=-=(=24+1]=—=Jr%. 2.54
=2 {<+> 2(2+) 2(2+)} %) (2.54)

We can apply perturbation theory and calculate the energy shifts AE = (H') with
H = 2upS..B, using the spin states above. The resulting Zeeman splitting is
sketched in Fig. 2.3.
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E

1
S=2 0
-1

B,

Figure 2.3: Energy levels for an alkali metal atom with a nuclear spin S,, = 3/2 in
a magnetic field B,.

Imagine now a space-dependent magnetic field B(r) with a local minimum in
|B(r)|. Atoms in the states |S = 2, Mg = 2,1) and |S = 1, Mg = —1) minimize their
energy by moving towards the minimum of |B(r)|. Instead, atoms in the states
|S =2,Mg=—2,—1) and |S = 1, Mg = 1) are expelled by the field minimum. Too
hot atoms will not be trapped, which leads to an automatic cooling of the atomic
ensemble inside the trap (evaporative cooling). The lower the barrier around the
minimum of |B(r)| the higher is the cooling rate. Temperatures below pK can be
reached in this way.

2.1.4 Macroscopic wave function

The neglect of any interaction between the atoms is only an approximation. At
very short distances they repel each other while at large distances there is a van der
Waals attraction. In fact, two-body collisions are necessary to establish a thermal
equilibrium. At high densities alkali metal atoms are known to form clusters. This
does not occur in the BEC experiments because the gas of atoms is dilute and thus
the probability of three-body collisions, necessary for binding (why?), is small. If
we assume an atom density of ~ 10* — 10" cm ™2 in the trap, the typical distance
between two atoms r,, defined via

N 1
- — 2.55
" V %7?7’? ( )

is about r, ~ 50 — 600 nm whereas the length scale for the interatomic interaction
is < 1nm. While being crucial for establishing a thermal equilibrium, two-body
collisions do not cause transitions between the hyperfine levels S =1 and S = 2 so
that atoms cannot switch from low-field seeking states to high-field-seeking states,
which would lead to an additional loss of atoms inside the trap.
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The many-body Hamiltonian for the atoms in one of the above spin states in
second quantization reads

i, / & i (r) (——V2+vtrap( )) d(r) (2.56)

s [ @ [ @ S @i e - hieie).

Here, Q/AJ(T) (r) are bosonic field operators, V.., is the potential of the magnetic trap,
and W (|r—r'|) is the interaction between the bosonic atoms. Because the interaction
W (|r —7'|) is repulsive and very strong only at short distances we may approximate
it by a delta function,

W(lr —7'|) =~ gd(r —r') (2.57)

where ¢ is a constant governing the interaction strength. It can be related to the
two-body s-wave scattering length a, by g = 4wa,h?/m. Plugging (2.57) into the
interaction term of (2.56) we obtain

g / a1 (r) T ()b () () (2.58)
a(r)
so that we can write
Ha= [ @0 310) (g Vi) £ g0 ) ), (259

which shows that the effective second quantized Hamiltonian is of single-particle
potential type only. However, the potential depends on the density itself. Hence,
for a given particle number and temperature we obtain the non-linear Schrodinger
equation

(—%VQ + Vtrap('r) + gn(’r)> wz(T) = eﬂpi(r) (2.60)

together with

=3 S WP (2.61)

and

1
3
N = /d rn(r eﬁ(ez MR (2.62)

The last equation is used to determine the chemlcal potential p. The set of equa-
tions (2.60)—(2.62) is to be solved self-consistently.? It is called the Gross-Pitacvskii
equations.

20ne could start with a guess for n(r), solve (2.60) to obtain the ¢; and 1;, use (2.62) to
determine p and then (2.61) to calculate the new density. The cycle is repeated until convergence
is achieved.
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At T = 0 all atoms occupy the ground state v, i.e., N = Ny, and
no(r) = Nolvo(r)[*. (2.63)

In this limit the self-consistent solution of the set (2.60)—(2.62) reduces to finding
the ground state for the Gross-Pitaevskii equation

(—;—mVQ + V;rap('r’) + 9N|¢0|2) 77/)0(1“) = EO¢0(T). (264)

Because the number of atoms N is finite (10* — 10°), we cannot strictly speak
about a phase transition. However, in the experiment (and the numerical solution
of the Gross-Pitaevskii equations) one observes a sudden increase in the number of
atoms Ny occupying the ground state ¢y at T" = T, which is sufficiently sharp to
clearly identify 7.

As the ideal Bose gas is without any interaction (¢ = 0) what has been achieved
experimentally with alkali metal atoms is actually not an ideal BEC. Instead, the
weak interactions are responsible for the creation of a so-called superfluid which
shows zero viscosity, persistent currents, and vortices.

BECs have been also used to demonstrate macroscopic quantum coherence, i.e.,
superpositions and interference of macroscopic numbers of atoms have been ob-
served.



