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Abstract

The CORDIC algorithm is used in many fields of sig-
nal processing for computation of elementary functions. Its
main advantages are versatility and simplicity. When im-
plemented in a word parallel pipeline it yields the high-
est possible throughput. However, this solution is accom-
panied with increased hardware complexity and chip area
requirements. The goal of this paper is to develop redun-
dant CORDIC pipeline architectures yielding very low chip
area. The speed does not decrease at all when compared
with other proposals. Our novel architectures result in the
smallest redundant CORDIC implementation known to the
authors. It also exhibits considerably less gate switching
activity thus also reducing power consumption.

1. Introduction

For several applications CORDIC processing units have
been shown to deliver improved performance compared to
more conventional approaches. Because the CORDIC is es-
pecially suited to vector rotation operations, it can also be
used for many other advanced algorithms, which can be
interpreted as generalized vector rotations. The iteration
equations of the unified CORDIC algorithm [4] are given
by equation (1)-(3).

xi+1 = xi �m�i2
�S(m;i)yi (1)

yi+1 = yi + �i2
�S(m;i)xi (2)

zi+1 = zi � �i�m;i (3)

Herem denotes the coordinate system,S(m; i) the shift se-
quence,�m;i the rotation angle,�i the rotation direction,
andN the number of iterations necessary to obtain a pre-
cision ofn bit. Using a redundant number representation,
i.e. carry-save [6],[1] or signed-digit adders [8],[5],[10] re-
sults in the significant advantage of a very low addition

time independent ofn. Therefore, we subsequently con-
sider only redundant structures. However, redundant archi-
tectures also exhibit different drawbacks, i.e. increased stor-
age requirements per digit and a more complex determina-
tion of the sign. To be more precise, we can use an esti-
mate of the sign to determine�i which is given by the most
significant non-zero digit. Hereby, we can avoid the worst-
case inspection of all digits to determine the sign exactly.
The error which is introduced by this simple estimate can
be compensated by doubling some iterations [6],[1],[8],[5]
to avoid convergence violations. The amount of double iter-
ations depends on the number of inspected MSD digits and
the mode. Recently, a method called Differential CORDIC
[2] has been proposed which avoids iteration repetitions at
the cost of additional registers. Therefore we use the itera-
tion doubling approach in our architecture.

2. Previous approaches for CORDIC chip area
reduction

One important point is the way how scaling factor com-
pensation is achieved, for example by integrating scaling
into the iterations or by optimizing the special scaling oper-
ations [3]. Further work has been done on minimizing the
amount of double iterations. In [8],[5] it is shown that for
iterationsi > n

2
the choice of�i 2 f0; 1;�1g does not

affect the magnitude of the vector any longer. Fori > n
4

and�i = 0 modified iterations instead of the standard it-
erations (1) and (2) avoid double iterations [10]. So itera-
tion repetitions are only necessary in the firstn

4
iterations,

reducing the hardware requirements. About two third of
the adders in thez-path can be omitted when applying the
methods presented in [10] for rotation mode and [11] for
vectoring mode. Further area reductions are feasible when
applying Booth recoding of�i as has been demonstrated in
[1],[10]. After reducing the area requirements by these al-
gorithmic measures further reductions are possible on the



bit-level by carefully investigating the required adder and
register widths. First results have been reported in [11] for
nonredundant architectures. These results have been ap-
plied in [9] to redundant CORDIC architectures. The main
idea is to partly replace the full 4-2 redundant binary adder
(RR), which can be implemented with 42 transistors [7],
by a much simpler 3-2 redundant zero (RZ) cell, which is
shown in Fig. 1. This can be done in most of the MSD
positions, where zeros are added to the corresponding digit
positions ofxi andyi , respectively.
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Figure 1. Redundant zero adder-cell (RZ)

Fig. 2 depicts the situation for 3 iterations. Hardware
saving are possible as the RZ cells need about half the chip
area of RR cells. This architecture is the starting point for
our novel bit-level reductions, described in the following.

0,4
42 y-

1,4
42 y-

2,4
42 y-

3,4
42 y-

RR RR RR RR

0,5
52 y-

1,5
52 y-

2,5
52 y-

RR RR RR

0,6
62 y-

1,6
62 y-

RR RR

RZ RZ
RZ RZ

RZ RZ

RZ RZ

RZ
RZ

RZ RZ
RZ RZ

RZ

Trunc.

Trunc.

Trunc.Trunc.

Trunc.

4s

5s

6s

Trunc.

0,4x 1,4x 2,4x 3,4x 4,4x 5,4x 6,4x 7,4x

0,7x 1,7x 2,7x 3,7x 4,7x 5,7x 6,7x 7,7x

Figure 2. Previous reduced x-datapath

3. Area reduction

3.1. Properties of the redundant binary addition

Our consideration starts by the digit vector additionS =
A + B, where the digits aresi; ai 2 f�1; 0; 1g andbi = 0
with i = 0; 1; : : : ; n � 1. When using the addition rule
given in [7] the vectorS is implicitly recoded during this

operation so that three subsequent digits of the vector S are
given by

f: : : ; si+2; si+1; si; : : :g 6= f: : : ; 1; 1; 1; : : :g

f: : : ; si+2; si+1; si; : : :g 6= f: : : ; �1; �1; �1; : : :g

This means that three adjacent digits of the resultS can not
have the same value�1 or 1 as the maximum count of ad-
jacent digits with the same value unequal zero is two. In
the same way this statement is also true if the carry-digit of
the lowest significant digit of the addition is unequal zero.
When considering the vectorA = fa3; a2; a1; a0g as a re-
sult of such an addition, we obtain

f(a3; a2; a1); (a2; a1; a0)g 6= f(111); (�1�1�1)g

and the range of values ofA is�13 � A � 13. Computing
S = A+B + cin with B = f0; 0; 0; 0g andcin 2 f�1; 0; 1g
in the LSD-position results inS = fs4; s3; s2; s1; s0g and a
range of values�14 � S � 14. The possible combinations
are shown in Tab. 1. The marked “-” lines represent combi-
nations of input valueA which can not occur in a previous
addition as shown before.

A S

ci = 1ci = 0ci =
�1

3210 43210 43210 43210

–1111 10000 1000�1 100�10

–1110 100�11 100�10 100�1�1

–111�1 10�110 10�11�1 10�100

1101 10�110 10�11�1 10�100

1100 10�101 10�100 10�10�1

110�1 10�100 10�10�1 10�1�10

11�11 1�1100 1�110�1 1�11�10

11�10 1�11�11 1�11�10 1�11�1�1

11�1�1 1�1010 1�101�1 1�1000

1011 1�1100 1�110�1 1�11�10

1010 1�11�11 1�11�10 1�11�1�1

101�1 1�1010 1�101�1 1�1000

1001 1�1010 1�101�1 1�1000

1000 1�1001 1�1000 1�100�1

100�1 1�1000 1�100�1 1�10�10

10�11 1�1000 1�100�1 1�10�10

10�10 1�10�11 1�10�10 1�10�1�1

10�1�1 1�1�110 1�1�11�1 1�1�100

1�111 01000 0100�1 010�10

1�110 010�11 010�10 010�1�1

1�11�1 01�110 010�1�1 01�101

1�101 01�110 01�11�1 01�100

1�100 01�101 01�100 01�10�1

1�10�1 01�100 01�10�1 01�1�10

1�1�11 00100 0010�1 001�10

1�1�10 001�11 001�10 001�1�1

–1�1�1�1 00010 0001�1 00000

A S

ci = 1ci = 0ci =
�1

3210 43210 43210 43210

–0111 01000 0100�1 010�10

0110 010�11 010�10 010�1�1

011�1 01�110 01�11�1 01�100

0101 01�110 01�11�1 01�100

0100 01�101 01�100 01�10�1

010�1 01�100 01�10�1 01�1�10

01�11 00100 0010�1 001�10

01�10 001�11 001�10 001�1�1

01�1�1 00010 0001�1 00000

0011 00100 0010�1 001�10

0010 001�11 001�10 001�1�1

001�1 00010 0001�1 00000

0001 00010 0001�1 00000

0000 00001 00000 0000�1

000�1 00000 0000�1 000�10

00�11 00000 0000�1 000�10

00�10 000�11 000�10 000�1�1

00�1�1 00�110 00�11�1 00�100

0�111 00000 0000�1 000�10

0�110 000�11 000�10 000�1�1

0�11�1 00�110 00�11�1 00�100

0�101 00�110 00�11�1 00�100

0�100 00�101 00�100 00�10�1

0�10�1 00�100 00�10�1 00�1�10

0�1�11 0�1100 0�110�1 0�11�10

0�1�10 0�11�11 0�11�10 0�11�1�1

–0�1�1�1 0�1010 0�101�1 0�1000

A S

ci = 1ci = 0ci =
�1

3210 43210 43210 43210

–�1111 00000 0000�1 000�10

�1110 000�11 000�10 000�1�1

�111�1 00�110 00�11�1 00�100

�1101 00�110 00�11�1 00�100

�1100 00�101 00�100 00�10�1

�110�1 00�100 00�10�1 00�1�10

�11�11 0�1100 0�110�1 0�11�10

�11�10 0�11�11 0�11�10 0�11�1�1

�11�1�1 0�1010 0�101�1 0�1000

�1011 0�1100 0�110�1 0�11�10

�1010 0�11�11 0�11�10 0�11�1�1

�101�1 0�1010 0�101�1 0�1000

�1001 0�1010 0�101�1 0�1000

�1000 0�1001 0�1000 0�100�1

�100�1 0�1000 0�100�1 0�10�10

�10�11 0�1000 0�100�1 0�10�10

�10�10 0�10�11 0�10�10 0�10�1�1

�10�1�1 0�1�110 0�1�11�1 0�1�100

�1�111 �11000 �1100�1 �110�10

�1�110 �110�11 �110�10 �110�1�1

�1�11�1 �11�110 �11�11�1 �11�100

�1�101 �11�110 �11�11�1 �11�100

�1�100 �11�101 �11�100 �11�10�1

�1�10�1 �11�100 �11�10�1 �11�1�10

–�1�1�11 �10100 �1010�1 �101�10

–�1�1�10 �101�11 �101�10 �101�1�1

–�1�1�1�1 �10010 �1001�1 �10000

Table 1:S = A+B + cin

The cases4 6= 0 is only possible for pseudo-overflows,
which can be recoded with�11! 0�1, 1�1! 01, �101! 0�1�1,
10�1! 011 and so on. From this it follows that in all possi-
ble combinationss4 = 0 andf(s3; s2; s1); (s2; s1; s0)g 6=
f(111); (�1�1�1)g.

The additionS = A + B + cin can be done with a 4-
digit-adder, wich uses an RZ-adder for the processing of
the LSD digits andcin corresponding to Fig. 1. The ad-
dition of the MSD’s and suppression of pseudo-overflows
can be done with the redundant-zero-0-cell (RZ0), shown
in Fig. 3, and a carry-absorber-cell (CAB) (Fig. 4). Now
we can use these cells in a pipeline structur for the imple-
mentation of the iteration equationAi+1 = Ai + 2(i+4)Bi

2
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Figure 3. Redundant zero 0 cell (RZ0)
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Figure 4. Carry absorber cell (CAB)

with i = (0; 1; : : : ; N � 1). Ai and Bi are the digit-
vectors with the vector elementsai;j ; bi;j 2 f�1; 0; 1g and
j = 0; 1; : : : ; n � 1. For the most significant digits of
the input vectorA0 we know thata0;n�1a0;n�2a0;n�3 6=
f(111); (�1; �1; �1)g. To perform the required addition of the
most significant digitsai;n�1�iai;n�2�iai;n�3�iai;n�4�i
we use the above mentioned 4-digit adder and for the fol-
lowing less significant digits the ordinary 4-2-RR-cell. This
can be done in a scheme given in Fig. 5. In the iteration

a0;n�1 a0;n�2 a0;n�3 a0;n�4 a0;n�5 a0;n�6
+ 0 0 0 0 b0;n�1 b0;n�2
s4 s3 s2 s1 s0

a1;n�1 a1;n�2 a1;n�3 a1;n�4 a1;n�5 a1;n�6
+ 0 0 0 0 b1;n�1

s4 s3 s2 s1 s0
a1;n�1 a2;n�2 a2;n�3 a2;n�4 a2;n�5 a2;n�6

+ 0 0 0 0

s4 s3 s2 s1 s0
a1;n�1 a2;n�2 a3;n�3 a3;n�4 a3;n�5 a3;n�6

Figure 5. Addition scheme ( bold face = �xed val-

ues)

index 1 the elementa1;n�1 can not be influenced from a
overflow out of the less significant digits becauses4 = 0.
Therefore all following iterations can useai;n�1 = a1;n�1.

Correspondingly all the adders in positionai;n�1 can be
omitted. The digits of vectorA will become fixed in the
same way beginning from the MSD with increasing itera-
tion index. This results in a growing saving of adder cells.

3.2. Rotation mode

The above mentioned structure is usable in the datapath
of X andY and results in a considerable simplification of
the architecture given in [9]. The basic construction of three
subsequent iteration stages is shown in Fig. 6. Obviously
the adder cells for the MSD’s in theX- andY -path can be
reduced beginning with iteration index 4. The RZ0 recodes
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Figure 6. Novel area reduced x-datapath by using

special adder cells

the value ofxi andyi at the specific digit positions and CAB
absorbs any possible carry out from these positions. Thus,
in the leading digit positions the adders can be omitted com-
pletely, resulting in a significant overall hardware reduction.
As the addition time of these special cells is not slower than
for a RR cell no speed penalty has to be paid.

Special precaution has to be taken in double iterations,
because we have to shift theX- andY -vectors by the same
value2�i as in the previous iteration. With this we face
the problem that the above outlined principle can not be ap-
plied. There are two ways to solve this problem. We can
use in the double iteration stages the entire adder rows ac-
cording to [9]. Or we can delay the first use of the special
4-digit adder cells byk iterations, wherek is the number of
double iterations.

As an alternative for the 4-digit adder we have developed
a 3-digit adder which serves for the same purpose. The
main idea is demonstrated in Fig. 7 for three CORDIC-
iteration stages. It is based upon the following consider-
ation. The digit vectorA is given byA = fa2; a1; a0g

with a value�6 � A � 6. The vectorA is recodeable in
such a way that the value of subvectorA1 = fa1;2; a1;1g

is given by�2 � A1 � 2. Now we create the vector
A2 = fa2;2; a2;1; a2;0g with the assignmenta1;2 = a2;2,
a1;1 = a2;1 anda2;0 2 f�1; 0; 1g. This vectorA2 has a

3



value�5 � A2 � 5. After the addition of a carry-digit
cin 2 f�1; 0; 1g to the vectorA2 in the LsD position it has
a value�6 � A2 � 6. With this procedure it is possible
to perform the carry absorbtion from a less significant digit
position and simultaneously recoding the result vector for
preparing the carry absorbtion in the next iteration. This
can be implemented with a recoding unit (REC) and the
same carry-absorber cell (CAB) as before. The advantage
of this architecture is the saving of RR-adder cells begin-
ning with the iteration index 3 (Fig. 7). A disadvantage is
a small increase in computing time compared with the first
method. The handling of double iterations is the same as
before. A similar method has been shown in [5] for on-the-
fly-conversion of the most significant digits into a binary
representation.
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Figure 7. Novel area reduced x-datapath by using 3

digit adder cells

In the standard architecture dynamic power is consumed
due to unnecessary switching activity at the outputs of the
RR cells in the leading digit positions. This is caused by
the transfer digits from the lower digit positions. The CAB
cells absorb all transfer digits so this undesirable switching
activity is suppressed. A dynamic power reduction propor-
tional to the number of saved adder cells is obtained. Static
power consumption is decreased as well.

In thez-datapath Equ.(3) is modified tozi+1 = 2(zi �
�i2

S(m;i)�m;i) [5]. Thus the sign estimate can be per-
formed by inspecting four leading MSDs ofzi. The addition
requires 3-2 redundant binary (RB) adder cells. As�m;i is
shifted one position to the left in each iteration we do not
need full-width adders. In fact, eachz-iteration needs one
less adder and register cell, starting from the least signifi-
cant digit. Any iteration exeedingi = n+1

3
needs only reg-

isters to storez(n+1)=3 as the�i can be predicted from the
bits of z(n+1)=3 [10]. The novel rotation mode architecture
results in the least chip area consuming CORDIC pipeline
architectures known to the authors. The significant reduc-
tion of adder cells results in a situation where the impact of
pipeline registers dominates the chip area. Fig. 8 depicts

the overall chip area reductions.

iσ

NY
NX

0Y
0X 0Z

logic + memory

(adder und register)

memory (only register)

j=  (n+1)/3 iterations

Figure 8. Chip area in rotation mode

3.3. Vectoring mode

In order to use redundant adders and the sign estimation
technique, equations (1) and (2) are modified according to
[5], yielding

xi+1 = xi �m�i2
�2S(m;i)yi (4)

yi+1 = 2(yi + �ixi) (5)

Correspondingly, constantly decreasing rotation angles
�m;1 are added tozi, yielding the same situation as for the
x- and y-path in rotation mode. Consequently, the same
approach for eliminating an increasing number of leading
adder cells in each iteration can be employed. In thex-
path,yi is shifted two digit positions to the right in each
iteration. So the iteration can be stopped forj � dn

2
e and

only registers are required in the remainingx-iterations. In
addition, the hardware savings in the leading digit positions
are larger than in the rotation mode due to the larger shift.
The situation iny resembles that ofz in rotation mode due
to an increasing number of unnecessary adders and registers
starting from the LSD.

4. Conclusion

The paper deals with CORDIC pipeline area reduction
without loss of throughput. We first studied the carry be-
havior of additions of two operands where one operand is
increasingly shifted to the LSD. Thus we were able to de-
vise special adder cells which result in incremental reduc-
tion of adders required in each iteration. This yields sig-
nificant area savings due to the reduced number of adders.
We have developed VHDL models and synthesized differ-
ent layouts (Fig. 9) to assess our architectures. Using a
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Figure 9. Layout with es2 standard cells of our re-

dundant CORDIC (rotation-mode)

1:0�m CMOS standard cell technology and an external pre-
cision of 15 bit we obtained area reductions by more than
12% compared with previously proposed architectures. Be-
cause the RZ0, RZ, CAB and RR cells have been assem-
bled from logic cells found in the library the results can be
greatly improved when using optimized full custom cells.

implementation over all area
redundant CORDIC 50:03mm2

reduced architecture[9] 41:18mm2

new reduced architecture 36:58mm2

Table 2: Comparison of results
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